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Abstract: We give an explicit description of Witt rings of of global function fields.
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1. Introduction

A fundamental problem in the algebraic theory of qnadrﬂtig forms over a field
K is to determine the structure of the Witt ring W(K) of the field K and to
classify fields with respect to isomorphism type of their Witt rings. Two fields

with lenmnrnhm Witt mngc are said to be Witt eq"u:walent

For global fields the Witt equivalence has been completely described in [4]
in terms of the following local-global principle.

L1. Two global fields K and L are Witt equivalent if and only if there is a
bijective matching of primes of K and L such that the completions of K and L
at corresponding places are Witt equivalent.

As a result one obtains a very simple criterion for the Witt equivalence of
global function fields.

L.2. Two global function fields K and L of characteristic different from 2
are Witt equivalent if and only if they have the same level.

XY,

Thus we have definitive answers to the problem of comparing Witt rings of
global fields. This, however, does not mean that we can explicitly describe the
structure of the Witt ring of all global fields. An explicit description of the Witt
ring of the rational number field Q has been found in [1]. Here we will give a similar
description of Witt rings of global function fields. This will be accomplished by
adapting the approach presented in [1] to the function field case.

Global function fields having different levels have non-isomorphic Witt rings.
Thus we will consider fields with level one or two separately.
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2. Preliminaries

From now on K denotes a global function field of characteristic different from 2
with finite constant field F, i.e. K is a finite extension of the field F(X), where
X is transcendental over F. From (2, p. 45 and p. 304] it follows that the level
s(K) of the field K is equal to 1, when |F| = 1 (mod 4) and is equal to 2, when
F| =3 (mod 4). We use Q1 for the set of all primes of K. For p € Qr we
write (. )y for the p-adic Hilbert symbol.

Following [4] we consider the collection I' of finite even-order subsets of
Q. The symmetric difference A + B = (AUB)\ AN B of two elements of 'y
again lies in 'k and (I'x. +) is an infinite elementary abelian 2-group, the zero
element being the empty set. For a.b € K let

(ab) = {p € Ok : (a,b), = ~1}.

From the Hilbert’s Reciprocity Law (see [3, p. 190]) it follows that (alb) € 'k for
each a,.b € K. As a direct consequence of the properties of the Hilbert symbols

e 1. £.11
t i

we ootain tne

(1) (alb) = (bla),
(2) (ablc) = (alc) + (blc).

(3) (ac’[b) = (alb),

(4) (ala) = (~1fa),

(5) (al—a) =0, (all-a)=0. (aly)=0.

We recall now some notions and facts connected with the Witt ring of K.
Every Witt class ¢ € W(K) can be represented by the diagonalized form
(a1, az,....a,) where a,a2,...,a, € K. In [2, p. 49] we find the following

representation of W(K),
W(K)=F/R

where F is the commutative ring generated by the symbols (a). a € K and R is
the ideal generated by the elements
(-1,
(1) +(=1),
(ab) — (a) - (b)

bl
(@) +(b) = {a+b)- ,a+beK).

J
By the universal property of the free commutative ring we obtain

Corollary 2.2. Let P be a commutative ring and let p: K — P be the map
satisfying the following conditions:
1) p(1) =1,
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Then there exists a unique ring homomorphism © : W(K) — P with ©((a)) =
pla).

The fundamental ideal 7(K') consisting of Witt classes of even rank, is the
unique ideal of index 2 in the Witt ring W(K). There exists a unique ring
isomorphism e : W(K)/I(K) = Zy. The field K is not formally real, so the
ring W(K) is a local ring and I(K) is the unique maximal ideal of W (K)
(see [2, Corollary 5.6]). The ideal I(K) is additively generated by the forms
(1, —a) (where a € K), so its square 12(K) is additively generated by the forms
(1, —a) ® (1, =b) = (1, —a, —b, ab) (where a,b € K)

The discriminant map disc : W(K) — F(/K2 induces a I hisry

I(K)/I?(K) = K/K? sending the coset of the form m (1, —a) to the square class
of a (see [2, Corollary 2.3]).

i xr — PR ~ Tocon W7
From [2, p. 172] it follows that 1r3(1r{) = { and the Hasse-Witt invari-
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ant induces a group isomorphism of /?(K) onto the 2-torsion subgroup Bry (K)
of the Brauer group of K. This isomorphism sends the Witt class of the form
(I, —a, —b, ab) to the class of the quaternion algebra (a,b)x. Every class in
Bra(K') is represented by simple quaternion algebra (see [2, p. 171]). The the-
orem of Brauer-Albert-Hasse-Noether shows that class of (a,b)x is completely
determined by the set (a|b) of primes where it is nonsplit. Therefore, there exists
a group isomorphism w: I?(K) = 'k such that w((1, —a, —b, ab)) = (alb).

For a € K we write & for the square class a K2 and we denote (alb\ (alh).

AN

In this section we describe the Witt ring of K in the case when s(K) = 2. In
this case —1 is a non-square in K. Fix a subgroup Ky of index 2 in the group K
such that —1 € K. Then we have the decomposition of the square class group of
the field K,

K/K?= {1, -1} @ Ko/K?.

We set
V(K) = Z4 X K()/KQ X F}(

We define addition and multiplication in V(K by

(n, &, A)+ (m, b, B) = (n+m, ab, A+ B + (a|b)),
(n, @, A)- (m, b, B) =
n(n

2 =D b1y + (i + 1) (al))

(nm, ambt. mA +nB + m(m ~ 1) (ala) + 5

’ 2
Theorem 3.1. V(K) is a commutative ring with identity.

Proof. We notice Athat the zero element 0 in V(K) is (0, i, 0), the identity
L'in V(K) is (1,1, ) and the opposite element to (n, a, A) is —(n, &, A) =



246 Aifred Czogala

(—n, &, A+ (—1|a)). It is a routine matter to check the remaining axioms. The
addltlve order of the identity element in V(K ) is equal to 4. n

Let J(K) be theset of all (n, &, A) € V(K) such that n =0 or 2. It is easy
to verify that J(K) is an ideal of V(K). For every a = (n, a, A) € V(K)\ J(K)
we have a + 1 € J(K), so the index of J(K) in V(K) is equal to 2. Thus, there
exists a unique isomorphism f: V(K )/J( ) — Zo.

Proposition 3.2. The ring V(K) is alocal ring and J(K) is the unique maximal
ideal of V(K),

Proof. Let’s observe that the equality (n, @, A)* = (0, 1, (ala))? = 0 holds for
every (n, a, A) € J(K). For each @ € V(K)\ J(K) the element o + 1 belongs
to J(K), hence 0 = (1 + a)* = af + 1 for some element B € V(K). Therefore,
a is invertible in V(K). n

Proposition 3.3.
(i) JXAK)={(0,1, A) : AeTy,

\ Wy 3y 4 r\'}
(ii) J3(K) = 0.

b

Proof. (i) The 1nchmnn C is nhvlous_ For the reverse inclusion, let

a
(—1|¢Aa) ( lla) we can assume a € K. Then (2, ,@) (2, a.0)= (0,1, A),
S0 (07 19 ‘4) € '172(}—{) The proof of UL) is €asy. ]

Corollary 3.4. The map v : J?(K) — 'k such that v((0, 1, A)) = A is a group
isomorphism.

Consider the map g: K/K? — J(K)/J*(K),

v _ (0,8, 0)+J3(K) ifacK,
9(a) = { (2, —a. 0) + J*(K) ifZéKo-

Lemma 3.5. The map g is a group isomorphism.

tis easy to verify that g is a group homomorphism. From the definition
f deduce that g(a) = J*(K) if and only if a € Ky and @ = 1. Suppose
(n, @, A) is an element of J(K). If n =0, then (0, a, A) + J}(K) = 0, a, 0) +

(K) =9g(a), and next, if n =2, then (2, a, A) + J*(K) = (2, &, 0) + J*(K) =
g(-a), because —a g K. n

Lemma 3.6. If a € g(a), 3 € g(b), then a3 = (0, 1, (alb)).

Proof. If q, € Ko, then a = (0, a(Z))—i—'yl andﬁ—(,l; 0) + v2 for some
1,72 € J3( K) Hence af = (0, 1, (alb)), because J*(K) = 0. Now assume
that a € Ko, b € K¢. In this case a = (0, a,0)++ and B=02-b50)+

where v,y2 € J?(K). Similarly as above we have af = (0, 1, (ala) + (a| — b)) =




-y
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(o, 1, (alb)). Checking the statement when a & Ky, b ¢ Ky is done in analogous
way. ]

Now we proceed to constructing an isomorphism between W(K) and V(K).
Consider the map r: K — V(K),

_ [ (1,4, (aa)) ifac€K,,
r(a) = {(—1, —a, (z?)) if q gng.

Proposition 3.7. For all a,b € K,

(1) r(1) =1,
(2) r(=1) = -1,
(3) r(ab) = r(a)r(b),

(4) r(a)+r(b) =r(a+b)(1 +r(ab)), when a + b +# 0.

Proof. The first two assertions are clear. To verify (3) there are three cases to
consider: a,b € Ko or a ¢ Ko, b¢ Ky or a € Ky, b & K. Let’s consider the last
case. In this case ab ¢ K, and we have r(a)r(b) = (1, 4, (ala)) - (=1, =b, 0) =

(=1, —ab, 0) = r(ab). Verifying (3) in the remaining cases proceeds in an analo-
gous way. Observe now that r(a)? = 1 for every a € K, so from (3) we obtain
r =1.

“3 Notice that if a+b =1 then r(a)+r(b) = 1 +r(ab). Indeed, it follows from
Proposition 2.1 that (a|b) = 0, so (—aq] —b)=(ala) + (bjb). If a & Ko, b ¢ Ko,
then r(a) + r(b) = (=1, —a, 0) + (-1, =b, 0) = (2, ab, (—a| - b)). On the other
hand ab € Ko, so 1+ r(ab) = (1, 1, 0)) + (1, ab, (abla ) = (2, b, (ablab)). Now

ab, (ablab)
it suffices to notice that (ablab) = (—1lab) = (aja) + (b|b). The remaining cases
are similar.
Assume a +b = ¢ # 0. Then ac™! 4+ be™! = 1. From the above and
(3) we have r(ac™!) + r(bc™') = 1 + r(abc™2) = 1 + r(ab). On the other hand
r(ac™!) + r(be™') = r(c=V)(r(a) + r(b)), s0 r(c™})(r( ) O = 15 rta)
Multiplying the last equality by r(c) and using (3) we obtain (4)

ram =)

7(a
bta

From the above and Corollary 2.2 we obtain

Corollarv 3.8. There exists a Hnlque ring hgmgmgrpbism o - T/T/(K) . Ty/(ll'{)

such that ®({a)) =r(a) for all a € K.

Lemma 3.9. Let the homomorphism ® : W(K) — V(K) be as above. Then

(1) e~1(J(K)) = I(K),
(2) 27N (J3(K)) = I*(K).

Proof. (1) Let’s note first that, directly from the definition of the map r,

[0, a,0) if a € Ky,
l (27 _&7 (a|a)) ifa Q KO-

Hence ®((1, —a)) € J(K). The ideal I(K) is additively generated by the forms
(1, —a) (where a € K), so I(K) C & !(J(K)). The ideal I(K) is the unique

L+ r(-a) = (*)
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maximal ideal of W(K') and ®~!(J(K)) is a proper ideal of W (K, hence
oY J(K)) CI(K).

(2) The inclusion O follows from ®(I?(K)) C (®(I(K)))* C J*(K)

Assume p € ®71(J2(K)), then D(p) € J*(K ) J(K). From (1) we have
¢ € & 1(J(K)) = I(K). Let a be the discriminant of the form , then the
discriminant of ¢ + (1, —a) is equal to 1, so ¢ + (1, —a) € I*(K). Since ®(yp)
belongs to J?(K) and ®(I*(K)) C JQ(K) hence 1 + r(—a) = ®((1, —a)) €
J2(K). From (x) it follows that a = 1,50 (1, —a) = 0. Therefore p € I*(K). ®

Lemma 3.10. If a,b € K then v((1+7(—a))(1 +7(=b))) = (alb).

x\/ ¥/ TN 2/T/

w\_./
Iﬁ

Proof. Using (%) we observe that 1 4 r(—a) € g(a) and 1 4+ r(=b) € g(b ) Thus
the statement follows directly from Lemma 3.6. [ |

Theorem 3.11. The unique homomorphism ® : W(K) — V(K) such that
®({a)) = r(a) is a ring isomorphism.
Proof. From Lemma 3.9 it follows that ® induces a ring homomorphisms @,

®,, ®3 which form a commutative diagram

s I(K)/IY(K) —— W(K)/I}(K) —— W(K)/I(K) —

0
| Jo J+
0 . 1(}{\//J12( ) , V(K)/J2(K) I Ve

T
g
O — o

Since the diagram

commutes and ¢ and f are isomorphisms hence ®; is an isomorphism.
The 1101110111()11_)1115111 $o Lug,cbuci with the i 1DU111Ui}J1uouL g \bf Lemma 3.5
and the discriminant isomorphism d gives the following diagram

N

Let’s observe that g o d = ®;. Indeed, if @ € Ky, then g(a) = (0, a, 0) +
a)

J2(K) =1+ r(—a) + JAK). If a ¢ Ko, then g(a) = (2, —4, 0) + J>(K). But
(2, =, ©) + J*(K) = (2, &, (ala)) + J2(K), s0 9(8) = 1+ r(=a) + JX(K). In
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both cases we have g(a) = 1+7(—a)+J2(K). Thus the diagram commutes. Since
d and ¢ are isomorphisms, hence ®; is an isomorphism.

Now we can deduce that the homomorphism @3 is an isomorphism, because
®, and ¥, are isomorphisms.

The Lemma 3.9 implies that the homomorphism ® induces a group ho-
momorphism ®, : I*(K) — J?(K). This gives the following diagram which is
commutative

i
(K

From Lemma 3.10 it follows that the diagram

<

D

L2

12(K J2(K)
w\ /

commutes. Since w and v are isomorphisms, hence ®4 is an isomorphism.
Finally, we note that ® is an isomorphism, because ®4 and ®5 are isomor-
phisms. [ ]

4. Witt rings of global function fields with level 1

Now we determine the structure of the Witt rmg of K in the case s(K) = 1.
Since —1 is a square in K we have (u|u} = \—1|a) = for every a c K. Let

V(K)=Zy x K/K? xTg
We define addition and multiplication in V(K in the following way
(n.a, A) + (m, b, B) = (n +m, @b, A+ B + (a|b)),
(n, &, A) - (m, b, B) = (nm, a™b", mA + nB + (mn + 1)(alb)).
Theorem 4.1. V(K) is a commutative ring with identity.

Proof. We omit the proof. It is technically complicated but simpler than the
proof of Theorem 3.1. We notice that the group V(K) is an elementary abelian
2- group, the zero element 0 in V(K) is (0, 1 @) and the identity 1 in V(K) is
(1,1, 0). |

Define
JK)={(0,a, A) e V(K) : ae€ K/K? AeTlg}

It is easy to verify that J(K) is an ideal in V(K') and has index 2. Hence
there exists a unique isomorphism f: V(K)/J(K) — Z>.
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Proposition 4.2. The ring V(K) is a local ring and J(K) is the unique maximal
ideal of V(K).

Proof. For every a € V(K)\ J(K) we have a@ = (1, @, A), hence o? = 1.
Therefore. a is invertible in V(K). |

(1) JA(K) = . (0.1, A) : AeTg},
ii)

Proof. For the proof of (1) it suffices to notice that (0, a, A)(0, 13, B) = (0, ( b))
and for every ¢’ € I'k there exist a,b € K such that (a|b) = C (c.f. [3, 71 19)).
The statement (ii) is obvious. .

Corollary 4.4.
(1) The map v : J3(K) — I'x such that v((0, 1. A)) = A is a group isomor-
phism. o
(2) The map g: K/K? — J(K)/J*(K), such that g(a) = (0, &, 0) + JX(K) is
a group isomorphism.
Proposition 4.5. Assume 7 : K - V(K), is defined by r(a) = (1, 4. §). Then
foralla,be K,
(1) r(1) =1,
(2) r(ab) = r(a)r(b),
(3) r(a) +r(b) = r(a+b)(1 + r(ab)), when a + b # 0.
Proof. It is easy to check. ]
From the above and Corollary 2.2 we obtain

Corollary 4.6. There exists a unique ring homomorphism ® : W(K) — V(K)
such that ®((a)) = r(a) forall a € K.

Lemma 4.7. Let the homomorphism ® : W(K) — V(K) be as above. Then
(1) @™ (J(K)) = I(K),
(2) & (J(K)) = P(K).

| I r‘

Proof. Let’s observe that 1 +r(—a) =1+7r(a) = (0, a, ) for every a € K. Thus
we can obtain (1) (2) as in the proof of Lemma 3.9 u

Lemma 4.8. I a.b & K then u((1+ r(a))(1 + (1)) = (al})

Proof. We compute directly (1+ r(a))(1 4 r(b)) = (0, 1, (a|b)). ]

Theorem 4.9. The unique homomorphism @ : V/(K) — V(A), described in

Corollary 4.6, is a ring isomorphism.

Proof. Arguments are the same as in the proof of Theorem 3.10. |
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5. Remarks on Witt equivalence of global function fields

The descriptions of Witt rings presented in previous sections allow us to study
Witt equivalence of global function fields without using the notions and methods of
algebraic theory of quadratic forms. To illustrate this we prove a certain necessary

and QHm(‘IPT‘If r‘nndlhnn fnr \Kflff onnnvra}encb Th;o \,uudltluu 8 uol‘;d in bllC })(L]_J(:'I

[4] as a starting point for the proof of statement 1.1.

Theorem 5.1. Two global function fields K and L of characteristic different
from 2 are Witt equivalent if and only if there exist group isomorphisms

t:K/K? = L/L? and o : Ty —Ty

such that
(1) t(-1) = -1,
(2) ((ayb)) = (tath) for all 4,b € K/K?2.

Proof. Assume K and L are Witt equivalent. Then there exists a ring isomor-
phism ¥ : V(K) — V(L). The order of the ring identity element in the additive
group of V(K) is equal to 2, when s(K) = 1 and is equal to 4 when s(K) = 2.
Therefore we have s(K) = s(L).

The ideals J(K) and J(L) are the unique maximal ideals in V(K) and
V(L), respectively (see Proposition 3.2 and Proposition 4.2). Hence U(J(K)) =

J(L) and SO also \I/(JZ(K)) = 72( ) ’T‘ho lcnmnrnhlsm L ‘nducco a group
isomorphism ¥, : J(K)/J*(K) — J(L )/J?(L) and we have the commutative
diagram
J(E)JTH(K) —— J(L)/J*(L)
T-‘?K TQL
K/K? L., [/i2
where t: K/K? - L/L? t =g o0;0gx. Of course t isa gmu isomorphism.

TN
The restriction of ¥ to J2(K) is a group isomorphism Vs : J2(K) — J*(L).

Let w: 'y =T, u=vp0Us0 vKl‘ Then w is a group isomorphism and gives
the commutative diagram
o
J2HK) — J2(L)
VK lUL
Ty ~—— Ty
Now we show that #(—1) = ~1. This is clear, when s(K) = 1. Assume
s 1 - . 2
S(K):? Notice that T, /n"/_]_)):\lll((2 1 M)+ 72/[{)): 27 1, )—t—J’(L):

gr(—1), because ¥ sends 2 to 2. Hence t(—1) = —1.
For the proof of the statement (2) choose a € gx(a) and 8 € gk (b).
Then ¥(a) € gr(ta) and ¥(3) € gr(th). From the Lemma 3.6 it follows that
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af = (0, 1, (alb)) and ¥(a)¥(3) = (0, 1, (ta|th)). Therefore W((0, 1, (alp)) =
(0, 1, (talta))

Now assume ¢ : K/K? — E/LQ and u: 'y — I'p are group isomorphisms
satisfying (1) and (2). From (1) it follows that s(K) = s(L).

If s(K) = 2 then we have the following decomposition of the square class
group of L

L/L? ={1,-1} & t(Ko/K?)

Let Lo be the subgroup of the group L such that t(Ko/K?) = Lo/L2. Define a

When s(K) =1 we define the map W : (Zy, K/K? I'x) — (Z, L/L? T'1)
in a similar way setting

V((n, a, A)) = (n, ta, u(A)).

?

It is easy to check that ¥ is a ring isomorphism ¥ : V(K) = V(L). [ |
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References
[1] F. DeMeyer, D.Harrison Miranda, Quadratic forms over Q and Galois

[1] Harrison, R. Mi
extensions of commutative rings, Mem. Amer. Math. Soc. 77 (1989), no. 394.

[2] T.Y.Lam, The algebraic theory of quadratic forms, Benjamin, Reading Mas-
sachusetts, 1973.

[3] O. T. O'Meara, Introduction to Quadratic Forms, Springer Verlag, Berlin
Heidelberg New York Tokyo, 1973.

[4]  R. Perlis, K. Szymiczek, P. E. Conner, R. Litherland, Matching Witts with
global fields, Contemp. Math. 155 (1994), 365-387.

Address: Institute of Mathematics, Silesian University, ul. Bankowa 14, 40-007 Katowice,




