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ON THE DENSITY OF SOME SETS OF PRIMES 5, FOR WHICH

Abstract: In the present paper we derive an asymptotic formula for prime numbers p for which
n exactly devides the order @ (mod p).
Keywords: primitive root mod p, field of the type Q( ¥a, ¥/1)

1.

Let n,a denote natural numbers, n > 1. a > 1 and p a prime number not dividing
a. The least positive v such that a¥ = (mod p) we denote by ord,a.

We proved in [2] some asymptotic formulae for the number of primes p for
which ¢"|| ord, a, where ¢ is a fixed prime and r =0,1.2,. ...

In the present paper we derive an asymptotic formula for prime numbers
p for which nfjord, a (n|ford,a means that for each ¢“||n there is ¢%||ord, a,
where ¢ is a prime).

]

Let us write
n=qM g5 ) a(g) =1 fori=1,2,....rq <qz < ... <q, (2.1)

where ¢; are primes, and let

[[e=k. Jla=2. (2.2)
qin qla

where ¢ runs over different prime divisors of n. In the following we denote by ¢
a prime number.
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Let ¢ > 1 be the largest natural number such that a is the ¢t-th power in Z.
Denote further
H= ] ¢%. (2.3)
qln
q"f(Q)Ht

We shall denote by b a positive integer satisfying the condition

+ KT .
I

a=2>b' (24)
We introduce two parameters § and s (see [3]) determined as follows
b= 2507, (2.5)

where ¢ is equal to 0 or 1, s denotes the product of different odd primes and v is
a positive integer.

In the following = > 3, ¢ and m denote natural numbers.

Write further

Ni(z,m,c) = Z 1, N(z,m,c)= Z 1,

;DSI,(;D.C):]. pSr.(p,(:)Zl
(ordp c.n)=1 mlord, ¢

No(x.m,c) = Z 1, w(z)= Zl :
p<z.(p.c)=1 p=x

nllord,, ¢
njjora, ¢

The symbols (1), »(I) and (o, 3) denote as usual the Mobius function, the Euler
function and the greatest common divisor of «, § respectively.
Theorem 1. If

log o

r>exph, ———— >e1k"
= GXP AL (loglogx)? — '

7

where ¢1 is a sufficiently large numerical constant, then

1 . Hrk? log 1 Tt
iy gy Nl(x’n~a) = Cl(k.(),S,H) +0 (.-/r,\l..ruT—l ( Ognoug;li) ) (26)
T\ } \ @A) 10g 1 10 & /
where
ok, 8.5, H) = A(k.8.5.7(2))A(k, 25. H) + A(k, 1, H) . (2.7)
A(k, 1, H)

_ {N(Z)l/so(l) Hqu 1/‘1’7(‘1)((1 + 1) Hq|k/[ (1 - fll_”/(q)/(fl’2 - 1)) for L1k

0 for 11k

(9

K3
(<0}
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and for an integer ~y

Bk, 9,8, v)
[—% for6 =0,s>1,2s5|k s=1 (mod 4)
_ ) (2—(47,4)/4 for6=0,58>1,2s|k s=3 (mod 4)
(2(47,4) — (47,16))/16 ford=1,5>1, 25| k
0 otherwise

ond

(29)
The parameters v(q) are determined as in (2.3), the parameters § and s as

in (2.5).
For the proof see [3]. Let us observe that our formula (2.8) differs from the

corresponding formula in [3] (cf. (3.3) there). The new expression gives of course
the same value of A(k,l, H), but in a more compact form.

Theorem 2. If

1
T > exphM ., —~ c:gw - = C1k:2 .
(10g 10g T )°
then
1 1+ 3k 8 5 ) FON 1y
N(z,na) = —200 ’U‘\‘)*'Y\;) )
7(x) nH quk(l —1/¢%) (2.10)
/ nHroTE? (log log :c)’”"‘?’\ ’
+ 0 K - . 3 )
w(k)log" " @1 log” z
where a(2) is determined by (2.1) and H as in (2.3)
Proof follows from Theorem 2 and Remark 2 of [3].
Theorem 3. If
log z 9
> M k°
T= OGP Toglogn)? = ¢
then
1 1 "(k,8,s, a2 2
{ \N2(I,n,a): +{.31(11,1’S/?{()+’\Y( ))
) gt T 1/4) (2.11)
( Hnr3 k> (loglog :r)’"+3) '
+ O - ;
f/\( \]nl"‘r 1 s M ](ﬁrr n
NV Vs Yi - /
and for an integer ~
(—=1/2 foré=0,5>1,2s|k,s=1 (mod 4),
1 ford=0,5>1,2s|k s=3 (mod4),y=1
. —1/2 for6=0,5>1,2s|k s=3 (mod 4), v > 2,
Bk 0,8,7v) =4 —1/8 ford=1,5>1,2s|k, =1 (2.12)
1 ford=1,8>1,2s|k, ~v=2,
=1/2 ford=1,58>1,2s|k v>3
0 otherwise.
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Proof. For an even k, we have

1 1 1
W(I_Nz(x,n,a) =~ Zﬂ(d) Z 1= e Z,u(d)N(;c, nd, a)
) (@) = ) 4
nd|ordy, a
1 1
= —— 3" w(d)N(z.nd,a) + o S i(2d)N (., 2dn, ).
7 dlk/2 Y ad)k

Hence, from the Theorem 2 we get

L+ 3(k,68,s,0(2) +v(2) — 1)
N = d
) Y@ nea) %“( ) ndH [T (1 - 1/¢?)

_ 1+ 3(k, 6, s, a(2) +~(2)) ( Hnr3™k?  (loglog I)T+3>
Z wd) 2dnH [, (1 —1/¢%) “ e(k)log"'q1  log’x

1

dlk/2

1
~ Hn 0+ 1/9) (14 28(k. 8,5, a(2) +~v(2) — 1)

[ Hnr3k?  (loglog )™+
— B(k, 8,5, 0(2) +~(2)) +0( " 3 )
e(k)log"™ g1 log“zx
(2.13)
Hence, from (2.9) we obtain
26(k.6.5,0(2) +7(2) — 1) = B(k,6. 5, 0(2) + (2))
(—1/2 foréd=0,5>1,25|k,s= 1 (mod4)
1 ford=0,5>1,25]k s=3 (mod4), a(2)+~(2)=1
—1/2 for6=0,5>1,25|k s=3 (mod4), a(2) +~(2) > 2

v v v I

=4—1/8 ford=1,5>1,25|k a2) +v(2)=1
1 for6=1,5>1, 25|k, a(2) +~(2)=2
—1/2 ford=15>1, 25|k, a(2) ++(2) >3
\ 0 otherwise.

(2.14)
Owing to (2.13) and (2.14) we get (2.11) for even k.
For an odd k, we have

1 1
Na(z.n,a) = —= > " p(d)N(z,nd, a)
T .’L‘) 71'(;13) T
T3 r+3

= Z#‘(d) _ 1 o+ O( Hnr3 i (loglog;n) \

dlk ndHquk(1 - 1/¢%) \p(k)log" ' g log?z )

T k3 r+3
1 (){ Hnr3 k‘ (log log x) \

- i, + & 71 2
Hn [, (1 + 7 \g(k)log" " qu log’z /)
hence, it follows (2.11) for odd k. [ ]
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