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Abstract: Basing on conjectures given by H. Cohen, H.W. Lenstra, Jr. and J. Martinet [2], [3],

(A1 15l concernine igti i 1
(4], (5] concerning the heuristics on class groups of number fields we deduce some quantitative

conjectures on the statistical behaviour of orders of the tame kernel K2Op of the ring Op of
integers of quadratic number fields F of discriminants D, |D| < z.

We investigate the number of D’s such that for F = Q(v/D) the order of KOF is
divisible by 3.
Keywords: Tame kernel, quadratic fields, numerical heuristics.

1. Introduction

First we prove an asymptotic formula for the number of fundamental discrimi-
nants D of quadratic number fields satisfying |D} < = and belonging to a fixed
arithmetic progression D =1 (mod k).

Let k,! be integers, k > 0. Denote by D(x,k,l), (resp. by Q(x.k,l)) the
number of fundamental discriminants D of quadratic number fields (resp. the
number of squarefree integers D) satisfying

0<D<z and D=1 (mod k).

Let

d = ged(k, 1),
pky= J[ a-p7",
plk

p—prime

alk, 1) = - on(k)
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d

0 = olk,1) = S(P),

and P = P(k,l) is the product of all prime divisors of d, which do not divide
k/d.

Lemma 1.1. (E. Landau [6]) In the above notation we have

iz

6

Qz, k) = >q(k, 1) - x4 o(x),

~]

if d is squarefree, and

Q(x,k.1)=0
otherwise. ]
Example. ¢(4,1) = %, for 1 =1,2,3, and ¢(4,0) = 0.
onk and d=

Let us remark that g(k,!) depends only

the particular value of L.

Lemma 1.2. The function g(k.l) is multiplicative with respect to the first argu-
ment:

If
I=1 (mod ky),

l=1ly (mod k»).
where ged(ky, ko) =1, and k =k, - ko, then
q(k, 1) = q(k1, 1) -q(ka, l2).

Proof. Let d; = ged(k;, ;). 0: = ok, 1;), P, = Pk, l;), for i=1,2.
Then evidently

d= d1 - dQ, with ng(dlde) = 1.‘

3

—~~
&

st

and the lemma follows. [ |

Thus it is sufficient to determine q(k, 1), for k being a prime power.
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Example. From the definition of g(k,!) we get
1) k=p: q(p.1)=p/(p*> = 1), q(p,0) =1/(p+ 1).
2) k=p* q(p*,1) = q(p?,p) = 1/(»® - 1), q(p*.p?) = 0.
3) k=p", (n>3): q(p". 1) = q(p™,p) = 1/p""2(p? - 1), q(p*,p") =0, for

r>2.
Theorem 1.3. Let k = 2%k, where a > 0, and 2tk’.
Then

Diz.k.1) = qlk'.1) - 52, 1) - 2 2 4 ofz).
s

where 4(2.1) is equal respectively

1
5 if QZO,
1
3 if a=1, [isodd,
1
3 3a2 if a>2 [=1 (mod 4},
1
6 if a=1or2 andl =0 (mod2%),
1
2 if a=3, [=0,4 (mod38),
1
3 5a=2 if a>4, =812 (mod 16),

0 otherwise.

Proof. We look for fundamental discriminants D satisfying

(0) D=1 (mod k), or equivalently
(1) D=1 (mod2?),

(2) D=1 (modk).
Fundamental discriminants of quadratic number fields are characterized by
the condition:
(3) D=1 (mod 4), D squarefree,
or
(4) D=0 (mod4), D/4=2,3 (mod4), D/4 squarefree.
Therefore from (1) we get a necessary condition for [ :
(5) =1 (mod 2min2a)y
or
(6) 1=8,12 (mod 2min(+)y,
If this condition is not satisfied, then there are no fundamental discriminants
satisfying (0).
We consider separately several cases.
1) a=0.
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Then the number of fundamental discriminants D satisfying (1), (2), and
(3) or (4) is

q(k’, 1) q(4,1)- %w+q(k’, 1)-(q(4,2)+q(4, 3))% . % +o(z) = q(k,1)- % T+ o(x).

2) lodd, a>1.

a=1.

Then (1) implies that D =1 (mod 4), D squarefree. Consequently the
number of fundamental discriminants in question is

IS [y]

q(k', 1) - q(4,1) - %x + o(x) = q(K',1) - %r + o(z).

a > 2.
From the necessary conditionweget I =1 (mod 4). Hence D = (mod 2%),
and the number of fundamental discriminants is

6 ,_ 1

3) liseven, a>1.

a=].

From (6) we get [ =0 (mod 2}. Hence (4} holds, and the number of fun-
damental discriminants is

oK1 (0(4:2) + 04, 3) - 5L 1 o) = alk.1) - 7+ o).

a =2

Now (6) implies | =0 (mod 4), and we get the same number of discrimi-
nants as in the latter case.

a=3.

From (6) we get [ =0, 4 (mod 8). Hence D/4 = 2, 3 (mod 8) respec-
tively, and in both cases the number of fundamental discriminants is

, 6 , 1
q(k,l)-q(4,2)-p~—+o(w)=q(k,l)~ﬁw+o(w),

4
since ¢(4,2) = ¢q(4,3).

a > 4.

Now (6) implies { = 8, 12 (mod 16), hence D/4 =1/4 (mod 2°72), i.e.
D/4 =2, 3 (mod2°?), D/4 squarefree. The number of such D’s in both
cases is

SN S | B 4 - . 1 6 =
QK1) - a5, 2) - =5 - 7+ o(x) = gk ) - ogrg - 5 - g ola) =
1
=q(k'. 1) Joaat T ox),

since ¢(2%72,2) = q(2°72,3). [ |
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Remark. It is clear that the same formula holds for the number of negative fun-
damental discriminants D satisfying |D| <z and D =1 (mod k).

Corollary. The function

is multiplicative with respect to k asymptotically, i.e. if
k=kiky, and ged(ki. ko) =1,

then
Az, k,l) — Az, k1. 1) - Az, k2,1) = 0, as z — oc.

Proof. We can assume that ko is odd, then k = 29k’, k, = 201, ko =kb, K =
kiks, and ged(k, k) = 1. Consequently

A, k1) — (K1) 5(2%,1) = gk 1) - 6(2°.1) - q(k%, 1),
by Lemma 1.2.
On the other hand
Az, ki, 1) — q(k, D627, 1),
Az, ka, 1)y — q(k5,0).
Hence the result. ]

2. The divisibility by 3 of order of K,0Op
For a € Z, not a square, let F' = Q(/a) and let Of be the ring of integers of F.

=\

Denote by KoOp the tame kernel of Op.
Let h(a) be the class number of F, and k(a) the order of KyOp.
Assuming a conjecture of Cohen and Martinet we shall determine the number

of fundamental discriminants D of quadratic number fields satisfying

(7} 0<D<z and 31k(D).

We use the following theorem, which follows from Theorem 5.6 in [1].

Theorem 2.1. Let F = Q(\/a), and E = Q(v/-=3d), where d is a squarefree

integer.
(i If d#£6 (mod 9) then
3|k(d)y iff 3{h(-3d)
(it) If d=6 (mod 9), then
3lk(d).
|

We assume the following conjecture of H. Cohen and J. Martinet (see [5],
p. 330) :
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Conjecture. For fixed natural numbers m and k, the positive (resp. negative)
fundamental discriminants D satisfying

m|h(D)

are uniformly distributed in arithmetical progressions with the difference k.

More precisely, if for fixed k and [ there is a fundamental discriminant D
satisfying D =1 (mod k). and e.g. D < 0, then

. #{|D| <x:D <0, D—fundamental, D=1 (mod k), m|h(D}}
lim =:v_(m)
T #{|D| <x:D <0, D— fundamental, D = (mod k)}

exists and does not depend on k and I.

The corresponding constant for D > 0 we denote by v, (m).

All pairs k,{ satisfying the above assumption are described in Theorem 1.3
above.

The values of conjectural constants v+ (m) are given in the paper [3]. E.g.

v-(3) =~ 0.439874 and ~,(3) ~ 0.159811.

Let d be the squarefree kernel of a fundamental discriminant D > 0, and
let D’ be the discriminant of the imaginary field Q(v/—3D). Thus

o [ -3D, 3D
~\ -D/3, if3lD.

imate the n of D’s salisfying (7) we shall consider several cases.
1° d=1 (mod 3)
Then
D= d, ifd=1 (mod 12), _J1 (mod 12),
| 4d, ifd=7Tor10 (mod12) ~ | 280r 40  (mod 48).
and
D’ 3D = (-3 (mod 36),
T "7 T | —84or —120  (mod 144)

Hence (7) is equivalent to
|ID'| <3z and 3Jh(D’).

Thus the number of D’s in question is respectively

6 3
D(32.36,~3)y + o(x) = (9.3) - 6(4,1) - 5 - 327 + () = ﬁy + o(x),
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D(3x.144. —84)y + o(x) = ¢(9.3) - §(16. 12) . ~ -3z +o(x) = Ton2" + o(x).
ar 1 N ‘ oy srp 6 ., _ 3z ‘
D(3x.144. ~120)y + o(x) = g(9.3) - 5(16.8) - = 3y +o(x) = TR o(z).

where 7 =4_(3).

2° d=2 (mod 3).
Then

D- {d. ifd=5 (mod 12). _ {5 (mod 12)

Cldd ifd=2o0r 11 (mod 12). = | 8ordd  (mod 48)
and
' apy . ] 15 (mod 36).
b==3b= {—24 or —132 (mod 144).

) is equivalent to
|D'| <3z and 3|h(D"). i

Thus the number of D's in question is respectively

. ' 3
D(31.36. —15)y + o(x) = ¢(9.3) - §(4.1) - % -3ry + o(x) = ! 7 +o(x).

472
D(3r.144. —24)5 + o(x) = ¢(9.3) - §(16. 8) - — -3z +o(x) = Te2) + o(x).
D(3x.144. - 132)7 + o(x) = q(9.3) - 6(16. 12) - = 3zy + o(x) = 627+ o(x).
where 5y = 4_(3).
3° d=3 (mod9).
Then
p_fd ifd=21 (mod36).  _ [21 (mod 36),
“\4d. ifd=30r30 (mod36). ~ |120r 120 (mod 144),
and
' _ -7 (mod 12),

b= D/B_{—élor —40  (mod 48).

Hence (7) is equivalent to

|ID'| <x/3 and 3Jh(D").
Thus the number of D’s in question is respectively

D(x/3,12,~T)y + o(x) = q(3,1) - 6(4, 1) - % : gy +o(z) = #7 +o(z),
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6 =z T
D(x/3,48, —-4)yy 4+ o(x) = ¢(3,1) - 6(16.12} - 2 g7 o(z) = et o),
. 6 = T
D(2/3,48.~40)y + o{z) = q(3.1) - 6(16,8)- — - 27+ o) = =37 + o(a)
where v = v_(3).
4° =6 (mod 9).
Then
D= {d. if =33 (mod 36), _ {33 (mod 36),
~ l4d. ifd=6o0r15 (mod36) ~ | 24 or 60 (mod 144}).
and
' _ -1 (mod 12},
D =-D/3= { —8or —20  (mod 48).
Hence (7) is equivalent to

|D'| < z/3.
Thus the number of D’s in question is respectively

D(x/3.12,-11) = q(3.1) - 6(4. 1) - —:—2 2 yolz) = 4‘% +o(x),

3
D(e/3.18.~8) = (3.1) -5(16,8) - - S+ o(a) = 75 4 ofa)
D(2/3.48.-20) = q(3,1) - 8(16.12) - = - £ 4 o(x) = 2 4 o(x)

This leads to the following

Theorem 2.2. Assume the above conjecture for m = 3 and negative fundamental
discriminants of quadratic number fields.
Then

. #{0< D <z: D~ fundamental, 3|k(D)}

1
Rt #{0< D <z :D~- fundamental}

exists and equals
., fONY 11
’—"‘g¢ ~ 0.509890.

Proof. Summing up the numbers of D's in 1° — 4° above we get

1 /1 1 1 3
— (Z+E+1_6> ~(3’)/+3'y+7+1)1+0(1‘)—W(77+1)1‘+0(a‘).

Since D(z.1.1) = 2z 4 o(z), the result follows.
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Remark. One can prove a similar result for D negative. Then assuming the
above conjecture for m = 3 and positive fundamental discriminants of quadratic
number fields we get that the analogous limit

lim #{-2 <D <0:D~ fundamental, 3|k(D)}
pramens #{—2 < D <0:D— fundamental}

exists and equals

7
B 1 0064834,
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