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Abstract. In the article we study important properties of random ge-
ometric graphs with randomly deleted edges which are natural models
of wireless ad hoc networks with communication constraints. We con-
centrate on two problems which are most important in the context of
theoretical studies on wireless ad hoc networks. The first is how to set
parameters of the network (graph) to have it connected. The second is the
problem of an effective message transmition i.e. the problem of construc-
tion of routing protocols in wireless networks. We provide a thorough
mathematical analysis of connectivity property and a greedy routing
protocol. The models we use are: an intersection of a random geomet-
ric graph with an Erdős–Rényi random graph and an intersection of a
random geometric graph with a uniform random intersection graph. The
obtained results are asymptotically tight up to a constant factor.

1 Introduction

1.1 Background

A random geometric graph is a widely used model of wireless ad hoc networks.
A wireless ad hoc network is a collection of devices randomly deployed over a
given area and equipped with radio transmitters. This type of networks have
proved to have many applications in environment and industrial monitoring, se-
curity, cell phone networks etc. It is generally assumed that in wireless ad hoc
networks direct communication between two nodes is possible if they are mu-
tually in their transmission range, thus the usage of random geometric graphs
seems natural. In random geometric graphs vertices are located in the Euclidean
plane according to a given probability distribution and two vertices v and w are
connected by an edge if their Euclidean distance is not greater than some con-
stant r (for a monograph on random geometric graphs see [21]). The vertices of
the model represent devices and edges arise if appropriate devices are in mutual
transmission range. A random geometric graph, though concise enough to pro-
mote strong theoretical results, frequently does not apply directly to networks
in realistic settings. In fact, wireless links in real networks may be extremely
unreliable. Moreover, the connections are sometimes constrained by security re-
quirements. In reality the message transmission between devices may be ob-
structed and the direct communication is possible only if additional conditions
are also fulfilled. Therefore it is justified to introduce new graph models which



are considerably closer to reality than a random geometric graph. In the con-
text of theoretical studies on wireless networks two questions concerning new
models seem to be of main importance: how to set parameters of the network
to have it connected and whether routing protocols are effective in the network.
Both of them are related to the message transmission problem in wireless ad hoc
networks, which is the main subject of this article.

1.2 Related work

The most important results on connectivity of random geometric graphs were
obtained by Gupta and Kumar in [14] and Penrose (see [21] and references
therein). In [14] Gupta and Kumar considered a random graph in which n ver-
tices are uniformly distributed in a disk of a unit area and two vertices are
connected by an edge if they are at distance at most r(n). It was shown that if
πr2(n) = (ln n + c(n))/n and c(n) → ∞ then the probability that an instance
of the considered random graph model is connected tends to 1 as n tends to in-
finity. In concluding remarks Gupta and Kumar proposed a generalised random
geometric graph, which models wireless ad hoc network with independent link
constraints. In the model two vertices at distance at most r(n) are connected
with probability p(n). Gupta and Kumar conjectured that if

πp(n)r2(n) =
lnn + c(n)

n
(1)

and c(n) → ∞ then a random geometric graph with independently deleted
edges is connected with probability tending to one as n → ∞. Properties of the
model were later studied for example in [9] and [26]. In [26] Yi et al. showed a
Poisson approximation of the number of isolated nodes in a random geometric
graph with independently deleted edges for r and p as in (1) and c(n) → c. The
result implies that as c(n) → −∞ a random geometric graph with independently
deleted edges is disconnected with probability tending to one as n → ∞. To the
best of our knowledge no sufficient conditions for connectivity are known. The
model proposed by Gupta and Kumar is also related to the so–called ”bluetooth
model” (see [22] and references therein). However the results proved in this article
are much stronger than those which would follow from the results concerning
”bluetooth model” and the models comparison.

Sometimes link constraints in a wireless network are not independent and
another model should be used. This is the case of wireless sensor networks with
random key predistribution. The widely recognised solution to the problem of
security of the message transmission in those networks is so–called random key
predistribution introduced in [12]. So far, the studies on wireless sensor net-
works with random key predistribution reveal either experimental results (see
for example [6, 12, 15]) or concentrate only on the security aspects, neglecting a
limited transmission range (i.e. properties of uniform random intersection graphs
are studied, see for example [1, 2, 8, 23]). As it is pointed out in [8] the model
with both security and transmission limitations is an intersection of a random



geometric graph and a uniform random intersection graph. Its variant has only
recently been analysed in rigorous mathematical manner in [17]. However in [17]
an additional assumption on deployment knowledge is made and the techniques
used cannot be applied to the model studied in this article.

The connectivity of a wireless network implies possibility of the message
transmition from any device to any other device. However it yields another ques-
tion: how this message should be send? This is a folklore result that the simplest
method of the message transmission in wireless ad hoc network is forwarding a
routed message to the neighbour closest (in the sense of Euclidian distance, an-
gle or other) to the destination. Such greedy forwarding, basing on the topology
of the network graph, is called geographic routing. In geographic routing two
main assumptions are made. The first one, that each network device possesses
information about its own and about its neighbours positions. The second, that
the source of a message is provided with the position of the destination. As any
device knows only about its immediate neighbours, there is often insufficient in-
formation for it to make a good decision on the forwarding direction and a packet
may get trapped. Already numerous attempts to enhance the greedy algorithm
in general setting have been proposed (see for example [5, 19, 20]). Routing in
the network with unreliable links has been also studied (see for example [27]).
The mathematical analysis of the greedy routing protocol in random geometric
graph was the subject of [25]. However, to the best of our knowledge none of the
results considered analytical analysis of the greedy routing protocol in wireless
networks with unreliable links.

1.3 Our contribution

In the article we analyse in detail theoretical models of wireless networks with
independent link constraints and wireless sensor networks with random key pre-
distribution. We maintain the assumption that in the graph model a link between
vertices is possible if they are at distance at most r, at the same time making an
additional one, that the link may be obstructed with a certain probability. We
analyse in detail asymptotic properties of two models. First of the considered
models is a random geometric graph with independently disappearing edges, pro-
posed in [14]. In the second model the edge deletion depends on the structure
of a uniform random intersection graph. More precisely, we analyse the models
which are an intersection of a random geometric graph with an Erdős–Rényi
random graph (see [14]) and an intersection of a random geometric graph with
a uniform random intersection graph (see [8]).

For the first time we present a thorough mathematical analysis of a greedy
routing protocol in wireless networks with link constraints. Moreover we provide
a solution to the conjecture posed in [14] concerning connectivity of the random
geometric graph model with independently deleted edges (an intersection of a
random geometric graph with Erdős–Rényi random graph). In Theorem 4 an
answer is given and the obtained result is tight up to a constant factor. In ad-
dition in Theorem 3 we state sufficient conditions for connectivity of the model
of wireless sensor network with random key predistribution (an intersection of



a random geometric graph with a uniform random intersection graph). This is
the first analytical result which takes into account both security and transmis-
sion range constraints in this type of networks. Moreover we show how to set
parameters of the network with communication constraints in such way that the
greedy routing protocol effectively delivers the message to the destination. We
also set an upper bound on the length of transmission path in the presented
greedy routing protocol.

1.4 The article organisation

The article is organised as follows. In Section 2 we introduce the models and pro-
vide a version of the greedy protocol which is considered in the article. Section 3
discusses the routing protocol in networks modelled by a graph with indepen-
dent communication constraints, whereas Section 4 shows a sketch of analogous
results for the model of wireless sensor network with random key predistribution.

2 Preliminaries

2.1 Definitions of the models

In further considerations we make an assumption that D is a disk of a unit area.
However it should be pointed out that the results apply also to a wider class of
areas after rescaling and repeating the proofs. We assume that V = Vn is a set
of n points independently, uniformly distributed on D, 0 < r = r(n) < 1/

√
π,

p = p(n) ∈ [0; 1] are real numbers and d = d(n) is a positive integer. The
assumption r(n) ≤ 1/

√
π is a natural one, since otherwise radius of D would be

smaller than transmission range in the modelled network. Moreover, for any two
points v, v′ ∈ D, by ‖v, v′‖ we denote their Euclidian distance.

Let Gr(n) be a random geometric graph, i.e. a graph with the vertex set
V = Vn and the edge set E(Gr(n)) = {vv′ : v, v′ ∈ V and ‖v, v′‖ ≤ r}.

We denote by Gr (n, p) an instance of the graph model suggested by Gupta
and Kumar in [14]. A random graph Gr (n, p) is obtained form Gr(n) by inde-
pendently deleting each edge with probability 1 − p (i.e. each edge stays in a
graph independently with probability p). Notice that in Gr (n, p) the edge set
is an intersection of the edge sets of Gr(n) and an Erdős–Rényi random graph
G(n, p), in which each edge appears independently with probability p (see [3,
16]).

The second considered model represents a wireless sensor network with ran-
dom key predistribution. As noticed in [8] (see also [17]) it is an intersection of
Gr(n) and a uniform random intersection graph G(n, m, d). In a uniform ran-
dom intersection graph G(n, m, d) each vertex v ∈ V chooses a subset from an
auxiliary arbitrarily given feature set W = Wn of cardinality m = m(n). More
precisely, given d = d(n), each vertex v ∈ V is attributed a subset of features
S(v) chosen uniformly at random from all d(n)–element subsets of W . A uniform
random intersection graph is a graph with the vertex set V = Vn and the edge



set E(G(n, m, d)) = {vv′ : v, v′ ∈ V and S(v)∩S(v′) 6= ∅}. In fact G(n, m, d) is a
variant of a widely studied random intersection graph. The model of a random
intersection graph was studied for the first time in [18, 24] and its generalised
version was introduced in [13]. By Gr(n, m, d) we denote a graph with the vertex
set Vn and an edge set E(Gr(n)) ∩ E(G(n, m, d)), where Gr(n) and G(n, m, d)
are independent (i.e. their edge sets are constructed independently).

2.2 Greedy routing protocol

Notice that in Gr(n) a set of n′ vertices that are mutually at distance at most r
form a clique. In contrast those vertices in Gr (n, p) and Gr(n, m, d) behave like
G(n′, p) and G(n′, m, d), respectively. Therefore, in Gr (n, p) and Gr(n, m, d), in
a close neighbourhood of the destination the network does not have any features
of a random geometric graph and the geographic routing would fail. We propose
a new routing protocol, which is a combination of a modified geographic compass
routing and the standard Breadth First Search procedure (BFS). Recall that in
geographic routing we assume that: each network device possesses information
about its own and about its neighbours positions and the source of a message is
provided with the position of the destination.

The algorithm parameter 0 < ε < 1/2 is chosen prior to algorithm start
and remains constant throughout the execution. Let G be a graph representing
the network and r be a transmission range. Denote by s the source, by t the
destination and by G[t] a subgraph of G induced on the vertices at distance at
most r from t (in the transmission range of t). The algorithm CompassPlus is
as follows:

First s has a token, which contains a message.
1. Denote by v a vertex in possession of the token.
2. (Compass Routing Mode) If ‖v, t‖ > r, then send the token to a neighbour w
of v at distance at least εr, such that the measure of the angle ∠tvw is minimised.
3. (BFS Routing Mode) If ‖v, t‖ ≤ r, then use BFS on G[t] to route the message
(i.e. use a path established by the Breath First Search procedure).

3 Geographic routing in Gr (n, p)

In further considerations by the length of a path we mean the number of its
edges in the graph. Moreover by D(v) we denote a disk of radius r and centre
in a point v ∈ D. In this section we prove the following theorem.

Theorem 1. Let C > 8, p = p(n) ∈ [0; 1] and r = r(n) ∈ (0; 1/
√

π]. If

πr2p ≥ C
lnn

n
, (2)

then Gr (n, p) is connected with probability tending to 1 as n → ∞.
Moreover if 0 < ε < min{

√

1 − 8/C, 1/2}, then with probability tending to 1 as



n → ∞ CompassPlus delivers information in Gr (n, p) in at most 2‖s, t‖/(εr(n))+
ln(πr2n/6)/ ln ln(πr2n/6) + 4 steps between any two vertices s, t in some set of
size n(1 − o(1)).

It follows by the result from [26] that if πr2p ≤ C ln n
n and C < 1 then with

probability 1−o(1) Gr (n, p) is disconnected. Therefore r and p fulfilling equation

πr2p = C
lnn

n
. (3)

establish a threshold function for the connectivity and efficient delivery prop-
erty in Gr (n, p) and the obtained result is tight up to a constant factor. Since
augmenting value of p or r may only make a graph more connected in further
considerations we concentrate on the case given by (3) for C > 8.

The proof of Theorem 1 proceeds as follows. In Lemma 1 we prove that with
probability close to one during Compass Routing Mode of CompassPlus a
message is delivered from s to some vertex contained in D(t). Moreover we give
an upper bound on the length of the path that a message have to pass from s
to a vertex in D(t). In Lemma 2 we show that with probability 1 − o(1) the
message may be sent from any vertex from D(t) to t using BFS Routing Mode
of CompassPlus and we give an upper bound on the length of the path. In
Lemmas 3 and 4 we finish the proof of the first part of Theorem 1. Lemma 5
implies the second part of Theorem 1.

Lemma 1. Let 0 < ε ≤ 1/2 and (3) with C > 8 be fulfilled. Then with prob-

ability at least 1 − O
(

n−(C(1−ε2)−8)/8
)

for any s ∈ V (Gr (n, p)) and any point

t ∈ D CompassPlus in Compass Routing Mode constructs in Gr (n, p) a path
of length at most 2‖s, t‖/(εr(n)) between s and some vertex contained in D(t).

Proof. Denote by A the event: ”For all v, t ∈ V (Gr (n, p)) there exists w such
that, w is a neighbour of v at distance at least εr from v, ∠tvw is minimised and

‖w, t‖ < ‖v, t‖ − (εr)/2.” (4)

Notice that
P (A) = 1 − O

(

n−(C(1−ε2)−8)/8
)

(5)

implies the thesis. Namely A implies that for all s, t ∈ V (Gr (n, p)) all steps
of Compas Routing Mode of CompassPlus are possible and in each step a
distance between t and a vertex in possession of the message is shortened by
(εr)/2. Let s = v0, v1, . . . , vl ∈ D(t) be a path constructed by Compas Routing
Mode. If for all 1 ≤ i ≤ l we have ‖vi, t‖ < ‖vi−1, t‖ − (εr)/2, thus inductively
‖vl, t‖ < ‖v0, t‖ − l(εr)/2 = ‖s, t‖ − l(εr)/2. Therefore l ≤ 2‖s, t‖/(εr(n)) and
the constructed path is of length at most 2‖s, t‖/(εr(n)).

Therefore it remains to prove (5). Notice that D(v) may be divided by 4
lines coming through v (4 diameters of D(v) pairwise creating angles 45o, 90o

and 135o) into 8 equal parts. All parts are 1/8 of the disk D(v) and all of them
may be enumerated by 1, . . . , 8. Given the division, if k–th part is contained in



D we denote by Dk,ε(v) a subset of its points, which are at distance at least εr
from v (see Figure 1). We also have to take into consideration border conditions.
Therefore if k–th part of the division is not contained entirely in D, we rotate
it around v until it is contained in D and then denote by Dk,ε(v) its subset
of points, which are at distance at least εr from v (see D5,ε(v

′) on Figure 1).
Notice that either t ∈ D(v) or the segment (v, t) intersects at least one of the
sets Dk,ε(v), k = 1, . . . , 8. Therefore either t ∈ D(v) (equivalently v ∈ D(t)) or
the next vertex in possession of the token should lie on some sector Dk,ε(v). For
example on Figure 1, three vertices in D(v′) do not belong to any sector Dk,ε(v),
but they cannot be intermediate vertices in Compass Routing Mode. However
they may be t. Moreover, if t /∈ D(v), (v, t) intersects Dk,ε(v) and w ∈ Dk,ε(v)
then w is at distance at least εr from v and ∠tvw is at most 45o (see Figure 2).

Now we bound the probability that for all v ∈ V and all 1 ≤ k ≤ 8 there
exists a neighbour of v in Dk,ε(v). Let Nk,ε(v) be the set of neighbours of v in
Gr (n, p) contained in Dk,ε(v). Then for any constant 0 ≤ ε < 1/2

P (∃v∃kNk,ε(v) = ∅) ≤
∑

v∈V

∑

1≤k≤8

P (Nk,ε(v) = ∅)

≤ 8n
(

1 − (1−ε2)πr2p
8

)n−1

≤ (1 + o(1))8 exp
(

−n (1−ε2)C ln n
8n + lnn

)

= O

(

n−C(1−ε2)−8
8

)

.

Therefore with probability 1 − O
(

n−(C(1−ε2)−8)/8
)

for all v ∈ V and all

1 ≤ k ≤ 8 a set Dk,ε(v) contains a neighbour of v, i.e.

P (∀v∀kNk,ε(v) 6= ∅) = 1 − O
(

n−(C(1−ε2)−8)/8
)

.

Now we shall prove that event ∀v∀kNk,ε(v) 6= ∅ implies event A. If event
∀v∀kNk,ε(v) 6= ∅ occurs then for all v, t ∈ V such that ‖v, t‖ ≥ r a step in
Compas Routing Mode of CompassPlus is always possible. Now it remains to
show that under ∀v∀kNk,ε(v) 6= ∅, if in a step w receives the message form v
then (4) is true. Consider an instance of Gr (n, p) such that for all v ∈ V and
all 1 ≤ k ≤ 8 there exists a neighbour of v in Dk,ε(v) (i.e. for any v and any
k a set Nk,ε(v) is nonempty). Let k be such that the segment (v, t) intersects
Dk,ε(v). By above assumptions there exists w – a neighbour of v, in Dk,ε(v). Let
t′ be a point at distance εr from v and such that ∠tvt′ = 45o (see Figure 2). It
is easy to see that

either Dk,ε(v) ⊆ D(t) (i.e. w ∈ D(t)) or ‖w, t‖ ≤ ‖t′, t‖.
Therefore for any v and w, if ‖v, t‖ ≥ r and 0 < ε < 1/2, then (see Figure 2)

‖w, t‖2 ≤ ‖t′, t‖2 ≤
(

‖v, t‖ −
√

2εr
2

)2

+ 1
2 (εr)2

=
(

‖v, t‖ − εr
2

)2 − εr
(

(
√

2 − 1)‖v, t‖ − 3
4εr

)

<
(

‖v, t‖ − εr
2

)2
.



Fig. 1. Division into Dk,ε(v). Fig. 2. One step of CompassPlus

Thus if ‖v, t‖ ≥ r and ε < 1/2, then

‖w, t‖ < ‖v, t‖ − (εr)/2.

Thus ∀v∀kNk,ε(v) 6= ∅ implies A and we have

P (A) ≥ P (∀v∀kNk,ε(v) 6= ∅) = 1 − O
(

n−(C(1−ε2)−8)/8
)

.

⊓⊔
A simple corollary of the above lemma is the result stated below. It is only a

little less tight than this from [25] but may be shown by much simpler methods.

Moreover here the parameter o(1) from [25] is replaced by O
(

n−(C(1−ε2)−8)/8
)

(constant may be calculated effectively after careful insight into the proof of
Lemma 1) and the length of the path is estimated.

Theorem 2. Let 0 < ε ≤ 1/2 and πr2 = C lnn/n, where C > 8. Then with

probability at least 1 − O
(

n−(C(1−ε2)−8)/8
)

for any s, t ∈ V (Gr(n)) Compass-

Plus constructs in Gr(n) a path of length at most 2‖s, t‖/(εr(n)) + 1 between s
and t.

Proof. Follows immediately by Lemma 1 and fact that Gr(n) is Gr (n, 1). ⊓⊔
Now we concentrate on the BFS Routing Mode. In fact we prove that with

probability close to one G[t] is connected and have small diameter (as a graph)
for almost all t ∈ V (Gr (n, p)). This proves that in BFS Routing Mode of Com-

passPlus the message is delivered in short time.
For any graph G and any vertices v, v′ ∈ V (G), by dist(v, v′) we denote their

distance in G (i.e the length of the shortest path between v and v′ in G).

Lemma 2. Let C > 8 and (3) be fulfilled, v ∈ V (Gr (n, p)) and G[v] be a
subgraph of Gr (n, p) induced on vertices contained in D(v). Then with probability
1 − o(1) (where o(1) is uniformly bounded over all v ∈ V (Gr (n, p))) G[v] is
connected and for all v′ ∈ V (G[v]) we have

dist(v′, v) ≤ ln(πr2n/6)/ ln ln(πr2n/6) + 4.



Proof. For any v ∈ V (Gr (n, p)) the figure D ∩ D(v) may be divided into 6
(or less) connected, not necessarily disjoint parts of diameter (in the sense of
Euclidian norm) at most r and area πr2/6, such that each of them contains v.
For example if D(v) ⊆ D, then D(v) may be divided into 6 equal parts by 3 lines
containing v pairwise making angle 60o. Denote by Gi(v), 1 ≤ i ≤ 6, a subgraph
of Gr (n, p) induced on the vertices contained in the i-th part of the division.

For any v ∈ V (Gr (n, p)) and 1 ≤ i ≤ 6 denote by N = N(i, v) = |V (Gi(v))\
{v}| a random variable counting the vertices of Gi(v) except v. Surely N is
binomialy distributed Bin(n − 1, P ), where P = πr2/6. Therefore

EN = (n − 1)P = (1 + o(1))nr2π/6 → ∞, (6)

VarN = P (1 − P )(n − 1) ≤ EN. (7)

Let J =
[

(πr2(n − 1))(1 − (nr2)−1/3)/6 ; (πr2(n − 1))(1 + (nr2)−1/3)/6
]

.
By Chebyshev’s inequality

P (N /∈ J) = P
(

|N − EN | > EN(nr2)−1/3
)

≤ V arN
(EN)2(nr2)−2/3 = o(1).

For all n̄ ∈ J we have n̄ = (1 + o(1))πnr2/6 and by (3)

p =
C

6

lnn
πr2n

6

≥ 4

3

ln πr2n
6

πr2n
6

= (1 + o(1))
4

3

ln(n̄ + 1)

n̄ + 1
.

Denote by AG an event that diamG ≤ ln(πr2n/6)/ ln ln(πr2n/6) + 4 and G
is connected. Notice that all the vertices in Gi(v) are pairwise in transmission
range. Therefore, since 4/3 > 1, by classical results on the connectivity and the
diameter of an Erdős–Rényi random graph (see [3, 4, 7, 10, 11]) for Gi = Gi(v)

we have P

(

AGi

∣

∣

∣
N = n̄

)

= 1 − o(1), where o(1) is uniformly bounded over all

values n̄ ∈ J . Denote by AC
Gi

a complement of the event AGi , then

P
(

AC
Gi

)

≤ ∑

n̄∈J P
(

AC
Gi

∣

∣ N = n̄
)

P (N = n̄) + P (N /∈ J) = o(1),

thus P

(

∃1≤i≤6AC
Gi(v)

)

≤ ∑6
i=1 P

(

AC
Gi(v)

)

= o(1). Therefore with probability

1 − o(1) all graphs Gi(v), 1 ≤ i ≤ 6, are connected. Each vertex from D(v) is
contained in at least one of the graphs Gi(v), therefore the lemma follows. ⊓⊔

Lemma 3. Let C > 8, (3) be fulfilled, t ∈ D be any point and G[t] be a subgraph
of Gr (n, p) induced on the vertices contained in D(t). Then G[t] is connected
with probability 1 − o(1).

Proof. The proof is analogous to the proof of the above lemma. We only have
to replace v by t and omit the assumption that v is a vertex of Gi(v). Moreover
we have to add G7(t) – a graph induced on the vertices contained in the circle
with centre in t and area equal πr2/6. Then we can prove that with probability
1 − o(1) all graphs Gi(v), 1 ≤ i ≤ 7, are connected. This implies that G[t] is
connected (it is a union of Gi(v)). ⊓⊔



Lemma 4. Let C > 8 and (3) be fulfilled. Then Gr (n, p) is connected with
probability tending to 1 as n → ∞.

Proof. Let t be the centre of D. By Lemma 3 G[t] is connected with probability
1 − o(1). If we set 0 < ε < min(

√

1 − 8/C, 1/2), then by Lemma 1 with prob-
ability 1 − o(1) every vertex from V (Gr (n, p)) is connected by a path with at
least one vertex from V (G[t]). Therefore any two vertices from V (Gr (n, p)) are
connected by a path with probability tending to 1 as n → ∞. ⊓⊔

Lemma 5. Let C > 8, 0 < ε < min(
√

1 − 8/C, 1/2) and (3) be fulfilled. Then
with probability tending to 1 as n → ∞ CompassPlus delivers information in
Gr (n, p) in at most 2‖s, t‖/(εr(n))+ln(πr2n/6)/ ln ln(πr2n/6)+4 steps between
any two vertices s, t in some set of size n(1 + o(1)).

Proof. Let t ∈ V (Gr (n, p)). Denote G[t] as in Lemma 2 and by At event that
for all v′ ∈ V (G[t]) we have dist(v′, t) ≤ ln(πr2n/6)/ ln ln(πr2n/6) + 4 and G[t]
is connected. Let δ(n) = maxt∈V (Gr(n,p)) P (Ac

t) , where Ac
t is a complement of

At By Lemma 2
δ(n) = o(1) (8)

Let X =
∑

t∈V (Gr(n,p)) Xt, where Xt is an indicator random variable of the event

Ac
t . Then EX =

∑

t EXt ≤ δ(n)n and by Markov’s inequality

P

(

X ≥
√

δ(n)n
)

≤ EX√
δ(n)n

=
√

δ(n) = o(1) (9)

Therefore the number of destination vertices such that the routing may fail at
the BFS Routing Mode with probability 1 − o(1) is at most

√

δ(n)n = o(n).
This combined with Lemma 1 finishes the proof. ⊓⊔

4 Geographic routing in Gr(n, m, d)

Analogous results to those presented in the previous section may be obtained
for Gr(n, m, d).

Theorem 3. Let d ≥ 2 and m = m(n) → ∞ be such that

πr2d2

m
≥ C

lnn

n
and C > 8. (10)

Then with probability tending to 1 as n → ∞ a graph Gr(n, m, d) is connected.
Moreover if 0 < ε < min(

√

1 − 8/C, 1/2) with probability 1−o(1) CompassPlus

delivers information in at most 2‖s, t‖/(εr(n))+(1+o(1)) ln(πr2n/6)/ ln ln(πr2n/6)
steps between any two vertices s, t ∈ V (Gr(n, m, d)) in some set of size n(1 −
o(1)).

Proof (Sketch of the proof). In order to obtain the above result we have to repeat
the reasoning from the previous section with two minor modifications.



In the proof of Lemma 1 we have only to make changes in calculation from
the first equation. We should notice that, for values of d as in (10), a vertex v′

lying in D(v) is not connected by an edge with v with probability
(

m−d
d

)

/
(

m
d

)

=
1−(1+o(1))d2/m independently of all other vertices. Therefore P (Nk,ε(v) = ∅) ≤
exp

(

−(1 + o(1))(1 − ε2)πr2d2/m
)

.
Moreover in the proofs of Lemmas 2 and 3 instead of results on connectivity

and the diameter stated in [3, 4, 7, 10, 11] we should use results from [23]. In order
to prove only the connectivity result for the case m = nα (α – a constant) we
may also use the result from [1]. ⊓⊔

5 Concluding remarks

We have shown how to set the parameters of a wireless ad hoc network with
independent communication constraints and wireless sensor network with ran-
dom key predistribution in such a way that they are connected and messages’
transmission in greedy manner functions well with probability close to 1. For
that purpose we have used the models which are random geometric graphs with
randomly deleted edges and gave asymptotic results on their properties. We have
also mentioned the necessary condition for disconnectivity of the network, which
shows that the obtained result is tight up to a constant factor. Moreover we have
set an upper bound on the length of transmission paths in the presented greedy
routing protocol.
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