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Abstract

We use a syntactic interpretation of MALL in BCI with ∧, defined in
[5], to prove the undecidability of the consequence relations for BCI with
∧ and BCI with ∨, and the NP-completeness of BCI. Similar results are
obtained for a variant of the Lambek calculus.

1 Introduction

Propositional Linear Logic (PLL) is undecidable [13]. In this paper we use the
proof of the undecidability of PLL from Kanovich [10] to show the undecidabil-
ity of the consequence relation for MALL (Multiplicative-Additive Linear Logic,
i.e. PLL without exponentials). Then, we employ a syntactic interpretation of
MALL in BCI with ∧, stemming from [5], to infer the undecidability of the
consequence relation for BCI with ∧ and BCI with ∨. For BCI an analogous
problem remains open, like the problem of the decidability of MELL [12]. Fur-
ther, from the NP-completeness of MLL (MALL without additives) [9, 14], we
infer the NP-completeness of BCI and its single-variable fragment. At the end,
we announce similar results for the (→)−fragment of the Lambek calculus L*
with the cyclic rule for the designated constant 0.

Interestingly, non-associative variants of these systems are essentially less
complex: the consequence relation for the non-associative Lambek calculus
(both noncommutative and commutative) is P-TIME [6].

PLL is a propositional logic in the language (⊗,⊕,⊥ , 0, 1,∧,∨, !, ?), where
⊗,⊕,∧,∨ are binary connectives, ⊥ is a unary connective, 0, 1 are constants,
and !, ? are unary modalities, called exponentials. We do not use the origi-
nal notation of Girard [7], but a notation more popular in the community of
substructural logics. ⊗, ⊕ and ⊥ are multiplicatives, called product, par and
linear negation, respectively. 1 and 0 are multiplicative constants (interpreted
as neutral elements for ⊗ and ⊕). ∧ and ∨ are additives, called meet and join,
respectively (or: additive conjunction and disjunction). ! and ? are called
ofcourse and whynot, respectively. We avoid additive constants ⊥ and >.

We present a Gentzen-style sequent system for PLL (in a two-sided form).
Sequents are expressions Γ⇒ ∆ such that Γ,∆ are (finite) multisets of formulas.
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A,B, C denote formulas, and Greek capitals denote multisets of formulas.

(Id) A⇒ A

(0L) 0⇒ (0R)
Γ⇒ ∆

Γ⇒ ∆, 0

(1L) ⇒ 1 (1R)
Γ⇒ ∆

Γ, 1⇒ ∆

(⊥L)
Γ⇒ ∆, A

Γ, A⊥ ⇒ ∆
(⊥R)

Γ, A⇒ ∆
Γ⇒ ∆, A⊥

(⊗L)
Γ, A, B ⇒ ∆

Γ, A⊗B ⇒ ∆
(⊗R)

Γ1 ⇒ ∆1, A; Γ2 ⇒ ∆2, B

Γ1,Γ2 ⇒ ∆1,∆2, A⊗B

(⊕L)
Γ1, A⇒ ∆1; Γ2, B ⇒ ∆2

Γ1,Γ2, A⊕B ⇒ ∆1,∆2
(⊕R )

Γ⇒ ∆, A, B

Γ⇒ ∆, A⊕B

(∧L)
Γ, Ai ⇒ ∆

Γ, A1 ∧A2 ⇒ ∆
(∧R)

Γ⇒ ∆, A; Γ⇒ ∆, B

Γ⇒ ∆, A ∧B

(∨L)
Γ, A⇒ ∆; Γ, B ⇒ ∆

Γ, A ∨B ⇒ ∆
(∨R)

Γ⇒ ∆, Ai

Γ⇒ ∆, A1 ∨A2

(!L)
Γ, A⇒ ∆
Γ, !A⇒ ∆

(!R)
!Γ⇒?∆, A

!Γ⇒?∆, !A

(?L)
!Γ, A⇒?∆
!Γ, ?A⇒?∆

(?R)
Γ⇒ ∆, A

Γ⇒ ∆, ?A

By !Γ (resp. ?∆) one denotes a multiset whose all elements are of the form
!B (resp. ?B). PLL also admits structural rules for ! and ?: Weakening (WEA)
and Contraction (CON).

(!WEA)
Γ⇒ ∆

Γ, !A⇒ ∆
(!CON)

Γ, !A, !A⇒ ∆
Γ, !A⇒ ∆

(?WEA)
Γ⇒ ∆

Γ⇒ ∆, ?A
(?CON)

Γ⇒ ∆, ?A, ?A
Γ⇒ ∆, ?A

One defines linear implication: A→ B = A⊥⊕B. It is a new multiplicative.
The following rules are derivable in PLL.

(→L)
Γ, B ⇒ ∆; Φ⇒ Ψ, A

Γ,Φ, A→ B ⇒ ∆,Ψ
(→R)

Γ, A⇒ ∆, B

Γ⇒ ∆, A→ B

We can add → to the basic language and affix rules (→L), (→R) to PLL.
Then, A→ B ⇒ A⊥ ⊕B and A⊥ ⊕B ⇒ A→ B are provable (we will write ⇔
for ‘both ⇒ and ⇐’). One also proves A⊥ ⇔ A→ 0, A⊥⊥ ⇔ A.

Girard [7] proves the cut-elimination theorem for PLL (even for first-order
Linear Logic). So, the cut rule:
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(CUT)
Γ1 ⇒ ∆, A; Γ2, A⇒ ∆2

Γ1,Γ2 ⇒ ∆1,∆2

is admissible in PLL, and this also holds for PLL with →.
MALL is PLL without exponentials. MLL is MALL without additives. Since

cut elimination entails the subformula property, then each fragment of PLL,
defined by a restriction of language, is a conservative fragment of PLL (and all
richer fragments). MELL is PLL without additives.

BCI is a propositional logic in the language (→) whose Gentzen-style system
admits intuitionistic sequents Γ⇒ A only. The axioms are (Id) and the inference
rules are:

(→IL)
Γ, B ⇒ C; Φ⇒ A

Γ,Φ, A→ B ⇒ C
(→IR)

Γ, A⇒ B

Γ⇒ A→ B

It is a well-known substructural logic connected with lambda-calculus [15, 4].
Clearly, (→IL) and (→IR) are special instances of (→L) and (→R), respectively.
Thus, BCI is a subsystem of MLL. It is a conservative subsystem of MLL, since
one easily shows that any intuitionistic (→)−sequent is provable in BCI, if it
is provable in MLL (first, observe that no (→)−sequent of the form Γ ⇒ is
provable in MLL; then, use induction on derivations in the (→)−fragment of
MLL).

BCI with ∧ will be denoted BCI∧. The system admits all intuitionistic
(→,∧)−sequents, axioms (Id) and rules (→IL), (→IR) and:

(∧IL)
Γ, Ai ⇒ B

Γ, A1 ∧A2 ⇒ B
(∧IR)

Γ⇒ A; Γ⇒ B

Γ⇒ A ∧B

Again, BCI∧ is a conservative subsystem of MALL. The same holds for the
system BCI∨, which will be defined in section 3.

In section 2, we show that MALL (resp. MLL) is syntactically interpretable
in BCI∧ (resp. BCI). This result was obtained in [5], using the completeness of
MALL with respect to phase-space models and the completeness of BCI∧ with
respect to powerset models over commutative monoids. (It was used to prove
FMP of MALL as a consequence of FMP of BCI∧.) Here we go the same way,
but we need strong completeness, since the interpretation must be faithful for
consequence relations, not only for pure logics. Since the interpretation map is
P-TIME computable, we immediately infer the NP-completeness of BCI from
the NP-completeness of MLL.

In section 3, we sketch the proof of the undecidability of PLL from [10].
Then, we show that the proof yields the undecidability of the consequence re-
lation for MALL, and, by the interpretation from section 2, the undecidability
of the consequence relations for BCI∧ and BCI∨.

In section 4, we briefly discuss similar results for the (→)−fragment of the
Lambek calculus with 0 and the cyclic rule.
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2 Interpretation

BCI∧ is strongly complete with respect to powerset models over commutative
monoids; the weak completeness is proved in [4]. Although the proof of strong
completeness is almost the same as for weak completeness and similar to the
proofs of strong completeness for the (⊗)−free Lambek calculus [2, 3], we sketch
it here, and then a proof of the strong completeness of MALL with respect to
phase-space models. The proofs show a close relationship between both systems
and help to understand the correctness of our interpretation.

LetM = (M, ·, 1) be a commutative monoid. For sets X, Y ⊆M , we define
operations:

X · Y = {ab ∈M : a ∈ X, b ∈ Y }

X → Y = {a ∈M : X · {a} ⊆ Y }

The structure (P (M), ·,→, {1},⊆) is a commutative residuated monoid, this
means, (P (M), ·, {1}) is a commutative monoid, and the residuation law holds:

(CRES) X · Y ⊆ Z iff Y ⊆ X → Z iff X ⊆ Y → Z

This model will be denoted by P (M).
Let µ be an assignment of variables in P (M). It is naturally extended

to a homomorphism from the formula algebra to the powerset model; we set
µ(A ∧B) = µ(A) ∩ µ(B). We also define µ on multisets of formulas (∅ denotes
the empty multiset):

µ(∅) = {1}; µ(Γ, A) = µ(Γ) · µ(A)

We say that Γ ⇒ A is true for µ, if µ(Γ) ⊆ µ(A). A sequent is valid in
P (M) if it is true for all assignments µ in this model.

Let A be a set of sequents. BCI∧(A) denotes the system BCI∧ enriched
with all sequents from A as new axioms; the intuitionistic cut rule:

(ICUT)
Φ→ A; Γ, A⇒ B

Γ,Φ⇒ B

must be added to the system.
It is easy to show that every sequent provable in BCI∧(A) is true for any

pair (P (M), µ) such that all sequents from A are true for µ (soundness). To
prove the converse (completeness) one defines a special model. Let M be the
set of all (finite) multisets of formulas. Let · denote the operation of multiset
addition. Then, (M, ·, ∅) is a commutative monoid. One defines µ on variables:

(µ1) µ(p) = {Γ ∈M : Γ⇒ p is provable in BCI ∧ (A)}

By induction on A, one proves:

(µ2) µ(A) = {Γ ∈M : Γ⇒ A is provable in BCI ∧ (A)}
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for any formula A. For A = B → C, one argues as follows. Assume Γ ∈ µ(A).
Since B ⇒ B is provable, then B ∈ µ(B), by the induction hypothesis. Hence
(Γ, B) ∈ µ(C), and consequently, Γ, B ⇒ C is provable, again by the induction
hypothesis. By (→IR), Γ ⇒ A is provable. Assume that Γ ⇒ A is provable.
Then, Γ, B ⇒ C is provable, by the provability of B → C,B ⇒ C and (ICUT).
Let ∆ ∈ µ(B). Then, ∆ ⇒ B is provable, by the induction hypothesis, so
Γ,∆⇒ C is provable, by (ICUT). By the induction hypothesis again, (Γ,∆) ∈
µ(C). This yields Γ ∈ µ(A). The case A = B ∧ C is left to the reader.

One defines a formula Γ→ A as follows:

∅ → A = A; (B,Γ)→ A = B → (Γ→ A)

Γ ⇒ A is provable in BCI∧(A) iff ⇒ Γ → A is provable; we identify the
latter sequent with the formula in its consequent. Similarly, Γ ⇒ A is true for
µ iff Γ→ A is true for µ.

Accordingly, it suffices to prove the completeness for formulas. Assume that
A is not provable in BCI∧(A). Then ∅ 6∈ µ(A), whence A is not true for µ. Let
A consist of sequents Γi ⇒ Ai, i = 1, . . . , n. All formulas Γi → Ai are provable
in BCI∧(A), whence ∅ ∈ µ(Γi → Ai), for i = 1, . . . , n, and consequently, all
sequents from A are true for µ. We are done.

Phase-space models are defined as follows. Let M = (M, ·, 1) be a commu-
tative monoid. One fixes a set 0 ⊆M . For X ⊆M , one defines X⊥ = X → 0.
The operation C(X) = X⊥⊥ is a closure operation on P (M), this means, it sat-
isfies:(i) X ⊆ C(X), (ii) X ⊆ Y entails C(X) ⊆ C(Y ), (iii) C(C(X)) = C(X),
(iv) C(X) ·C(Y ) ⊆ C(X ·Y ), for all X, Y ⊆M . The closed sets X = C(X) are
called facts. X is a fact iff X = Y ⊥, for some Y . Let F (M,0) denote the set of
all facts. Since X⊥⊥⊥ = X, for any X ⊆ M , then X⊥⊥ = X, for any fact X.
One defines other operations on F (M,0):

X ⊗ Y = (X · Y )⊥⊥; X ⊕ Y = (X⊥ · Y ⊥)⊥

X ∧ Y = X ∩ Y ; X ∨ Y = (X⊥ ∩ Y ⊥)⊥

F (M, 0) is closed under →. 0 is a fact, since 0 = {1}⊥.. One defines
1 = 0⊥ = {1}⊥⊥. Notice that X ⊗ Y = C(X · Y ), X ∨ Y = C(X ∪ Y ) (use
(X ∪ Y ) → Z = (X → Z) ∩ (Y → Z), which is true for all X, Y, Z ⊆ M). So,
⊗,∧,∨ are defined as in intuitionistic phase-space models [1].

The structure (F (M,0),⊗,⊕,⊥ ,→,∧,∨,0,1,⊆) is a model of MALL. Let
µ be an assignment in this structure. We say that A is true for µ, if 1 ∈ µ(A),
which is equivalent to 1 ⊆ µ(A). Γ ⇒ ∆ is true for µ, if µ(⊗(Γ)) ⊆ µ(⊕(∆)),
where ⊗(Γ) arises from Γ by replacing all commas with ⊗, and ⊕(∆) arises from
∆ by replacing all commas with ⊕; we set ⊗(∅) = 1, ⊕(∅) = 0. Clearly, Γ⇒ ∆
is true for µ iff ⊗(Γ)→ ⊕(∆) is true for µ.

An analogous equivalence holds for ‘provability in MALL(A)’, which is de-
fined like ‘provability in BCI∧(A)’. (CUT) must be added to MALL(A).

Girard [7] proves the weak completeness of MALL with respect to phase-
space models. Actually, this proof yields strong completeness, and it imitates the
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above proof for BCI∧. Soundness follows from algebraic properties of F (M,0).
For completeness, one constructs a special model.

This is the same construction as for BCI∧ except that we regard all formulas
of MALL, replace BCI∧ by MALL, and extend the equation (µ1) for p = 0 and
p = 1. We define 0 = µ(0). Then, µ(p) = {p}⊥⊥, whence µ(p) is a fact (also
for p = 1). To facilitate the inductive proof of (µ2) one can use the provable
equivalence of any formula A to a (→,∧, 0)−formula, which is presented below.
By soundness, it suffices to prove (µ2) for formulas A of the latter form, which
is the same reasoning as for BCI∧.

Each MALL-formula A can be translated into a (→,∧, 0)−formula T (A),
defined as follows:

T (p) = p; T (0) = 0; T (1) = 0→ 0

T (A⊥) = T (A)→ 0; T (A→ B) = T (A)→ T (B)

T (A⊗B) = [T (A)→ (T (B)→ 0)]→ 0; T (A⊕B) = (T (A)→ 0)→ T (B)

T (A ∧B) = T (A) ∧ T (B); T (A ∨B) = [(T (A)→ 0) ∧ (T (B)→ 0)]→ 0

By induction on A, we show that A ⇔ T (A) is provable in MALL. Let
A = B⊗C. We assume B ⇔ T (B), C ⇔ T (C). By (→L), we get B,C, T (B)→
(T (C) → 0) ⇒ 0, whence B,C ⇒ T (A), by (→R), and consequently, A ⇒
T (A), by (⊗L). We prove the converse. We have T (B) ⇒ B, T (C) ⇒ C, 0,
by the assumption and (0R), whence T (B), T (C) ⇒ B ⊗ C, 0, by (⊗R). This
yields ⇒ B ⊗ C, T (B) → (T (C) → 0), by (→R). Using (0L) and (→L), we
get T (A) ⇒ A. The remaining cases are left to the reader. The proof is
simpler, if one uses (CUT) and provable equivalences A⊥ ⇔ A→ 0, A⊥⊥ ⇔ A.
In particular, the right-hand side of the equation for T (A ⊕ B) is provably
equivalent to (T (A)→ 0)→ [(T (B)→ 0)→ 0].

Now we define a syntactic interpretation I, which to any formula of MALL
assigns a formula of BCI∧. 0 is added to the language of BCI∧ as a new constant.
Let σ be a substitution such that pσ = p → 0, for any variable p. We define
I(A) = T (A)σ.

By induction on A, one shows T (A)σ = T (Aσ), for any formula A, and
consequently, the equations defining T (except T (p) = p) remain true, after one
has replaced T by I. The following lemmas have been proved in [5]. Here we
give shorter proofs, using the provability of A⇔ T (A).

Lemma 1 LetM = (M, ·, 1) be a commutative monoid. Let µ be an assignment
in P (M) (also defined on 0). We consider the phase-space model F (M,0),
where 0 = µ(0), and an assignment µ′ (in the latter model), defined by µ′(p) =
µ(pσ). Then, µ′(A) = µ(I(A)), for any formula A of MALL.

Proof. Clearly, µ′(p) is a fact, for any variable p. Since A ⇔ T (A) is
provable in MALL, then µ′(A) = µ′(T (A)), for any formula A. T (A) is a
(→,∧, 0)−formula, whence µ′(T (A)) = µ(T (A)σ) = µ(I(A)). Q.E.D.
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Lemma 2 Let F (M,0) be a phase-space model. Let ν be an assignment in this
model. We consider the powerset model P (M) and the assignment µ in P (M),
defined by: µ(p) = ν(pσ), µ(0) = 0. Then, µ(I(A)) = ν(A), for any formula A
of MALL.

Proof. We define an assignment µ′ in F (M,0) as in lemma 1. So, µ′(A) =
µ(I(A)), by this lemma. Since ν(p) is a fact, we have

µ′(p) = µ(p→ 0) = (ν(p)→ 0)→ 0 = ν(p)

for any variable p, whence µ′ = ν. Q.E.D.
Let A be a set of formulas of MALL (each formula A is identified with the

sequent ⇒ A). We prove the (strong) faithfulness of our interpretation.

Theorem 1 For any formula A, A is provable in MALL(A) if, and only if,
I(A) is provable in BCI∧(I(A)).

Proof. Assume that I(A) is not provable in BCI∧(I(A)). By the strong
completeness of BCI∧ with respect to powerset models, there exist a commu-
tative monoid M and an assignment µ in P (M) such that all formulas from
I(A) are true for µ, but I(A) is not, this means, 1 ∈ µ(I(B)), for all B ∈ A,
but 1 6∈ µ(I(A)). We construct an assignment µ′ as in lemma 1. In F (M,0),
we have 1 ∈ µ′(B), for all B ∈ A, but 1 6∈ µ′(A). By the strong soundness of
MALL with respect to phase-space models, A is not provable in MALL(A).

Assume that A is not provable in MALL(A). By the strong completeness
of MALL with respect to phase-space models, there exist a model F (M,0) and
an assignment ν in this model such that 1 ∈ ν(B), for all B ∈ A, but 1 6∈ ν(A).
We construct an assignment µ in P (M) as in lemma 2. We have 1 ∈ µ(I(B)),
for all B ∈ A, but 1 6∈ µ(I(A)). By the strong soundness of BCI∧ with respect
to powerset models, I(A) is not provable in BCI∧(I(A)). Q.E.D.

Lemma 3 The mapping I is computable in P-TIME.

Proof. T (A)σ can be computed from T (A) in linear time on the length of
T (A) (as a string of symbols). T (A) can be computed from A in time O(n2),
where n is the length of A. The algorithm can be described as follows. We
assume that formulas are written in Polish notation. The algorithm reads the
left-most symbol. If the symbol is a variable or 0, it copies the symbol to the
output tape; if the symbol is 1, it prints→ 00 on the output tape. If the symbol
is ⊥, the algorithm determines the argument B (this can be done in n steps),
prints → on the output tape, runs on B, and prints 0. If the symbol is → or
∧, it determines the arguments B,C (this can be done in n steps), copies the
symbol to the output tape, runs on B, and next on C. If the symbol is ⊗, then
the output must be →→ T (B) → T (C)00. The algorithm determines B,C as
above. Then, it prints →→ on the output tape, runs on B, prints →, runs
on C, and prints 00. The other cases are similar; we only note that, for the
case of ⊕, the output is →→ T (B)0T (C), and for the case of ∨, the output
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is → ∧ → T (B)0 → T (C)00. It is easy to prove that the running time is not
greater than cn2, where c is a constant depending on the computation model.
More precisely, let k be the maximal constant time required to execute the non-
recursive actions of each case, e.g. scanning the first symbol, marking the end
of the first argument, printing 00 and so on. Then, for A = B ◦C, where ◦ is a
binary connective,B of length m, C of length n, so A of length m + n + 1, the
algorithm needs the time t(A) = m + n + k + t(B) + t(C). By the induction
hypothesis t(A) ≤ m+n+ k + cm2 + cn2. For c = k, this number is not greater
than c(m + n + 1)2. Q.E.D.

Corollary 1 The provability in BCI is NP-complete, and the same holds for
the single-variable fragment of BCI.

Proof. Kanovich [9] proves that MLL is NP-complete. Lincoln and Winkler
[14] prove that even the fragment of MLL restricted to variable-free formulas
is NP-complete. Our interpretation I translates MLL-formulas into formulas of
BCI, and variable-free MLL-formulas into formulas of BCI, which are formed
of 0 and → only. By theorem 1, A is provable in MLL iff I(A) is provable in
BCI. By lemma 3, this yields a P-TIME reduction of the provabilty problem for
MLL to the provability problem for BCI, whence the latter is NP-hard. It is
NP, since BCI is a conservative fragment of MLL. Q.E.D.

3 Consequence relations

We will prove that the consequence relation for BCI∧ is undecidable. First, we
recall the proof of the undecidability of PLL, given in [10].

A (non-deterministic) Minsky machine stores integers in registers. A pro-
gram employs a finite number of registers R1, . . . , Rn, and the integer currently
stored in Ri is denoted xi. A program is a finite set of labeled instructions;
L0, L1, L2, . . . are used for labels. There are five types of instructions:

(1) Li : xm := xm + 1; goto Lj ,

(2) Li : xm := xm − 1; goto Lj ,

(3) Li : if xm > 0 then goto Lj ,

(4) Li : if xm = 0 then goto Lj ,

(5) L0 : halt.

L0 is the label of the only instruction (5). Instructions of type (1)-(4) have
labels Li, for i > 0. A configuration is a n + 1−tuple (Li, x1, . . . , xn); Li is the
label of an instruction to be executed, and xi is currently stored in Ri. The
program starts in a start configuration (L1, k1, . . . , kn), this means, ki is stored
in Ri, i = 1, . . . , n, and the first executed instruction has label L1. The sense
of instructions should be clear. A computation is a sequence of configurations
such that the first configuration C1 is a start configuration and, for any further
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configuration Ck, Ck results from Ck−1, after one has executed an instruction
whose label is contained in Ck−1. For instance, let Ck−1 = (L1, 0, 1), and let
L1 : x1 := x1 + 1; goto L3 be an instruction of the program. Then, Ck =
(L3, 1, 1). The computation is successful, if it is finite and the end configuration
is (L0, 0, 0, . . . , 0).

One label (except for L0) can be assigned to several instructions. Con-
sequently, many divergent computations can begin in one start configuration.
Without this nondeterminism, this model would not have enough strength. If
(2) is to be executed, but xm = 0, or (3), (4) are to be executed, but the
predicate is false, then the computation ends without success. Yet, this is not
essential, in general. One could employ deterministic Minsky machines as well
for the purposes of this section.

A program P computes a relation RP , consisting of all n−tuples (k1, . . . , kn)
such that there is a successful computation of P from the start configuration
(L1, k1, . . . , kn). The relations computable by programs of the above form are
precisely the recursively enumerable relations [10]. Actually, this can be shown
by an easy translation of deterministic programs to programs of the above
form. Consequently, the halting problem for the latter programs is undecid-
able. The halting problem is the following: given P and (k1, . . . , kn), decide
whether (k1, . . . , kn) belongs to RP .

Instructions (1)-(4) are represented by MALL-formulas. For the given pro-
gram P , these formulas employ variables r1, . . . , rn, d1, . . . , dn and l0, l1, l2, . . ..
The variables ri, di are related to the register Ri, and lj to the label Lj , ap-
pearing in P . the idea is to represent the configuration (Li, k1, . . . , kn) by the
multiset Li, r

k1
1 , . . . , rkn

n . The formulas corresponding to (1)-(4) are:

(F1) li → (lj ⊗ rm),

(F2) (li ⊗ rm)→ lj ,

(F3) (li ⊗ rm)→ (lj ⊗ rm),

(F4) li → (lj ∨ dm).

Dm is the set of the following formulas: (dm ⊗ rj) → dm, for all j 6= m,
j = 1, . . . , n, and dm → l0. So, the role of dm is to delete all variables rj , j 6= m.
Γ(P ) is defined as the join of the set of all formulas corresponding to instructions
from P and sets Dm, m = 1, . . . , n. Of course, a set can be treated as a multiset
without multiple occurrences of elements. !Γ(P ) denotes the multiset arising
from Γ(P ), after one has replaced each element A by !A.

Kanovich [10] proves the following equivalence:

(k1, . . . , kn) ∈ RP iff l1, r
k1
1 , . . . , rkn

n , !Γ(P )⇒ l0 is provable in PLL.

This yields the undecidability of PLL. The sequent on the right-hand side will
be denoted by S(1, k1, . . . , kn), and by S(i, k1, . . . , kn), if l1 is replaced by li.

Kanovich’s proof is indirect; he uses tree-like Horn programs as an interme-
diate tool. This equivalence can also be proved directly: the ‘only if’ part by
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induction on the length of a successful computation and the ‘if’ part essentially
by induction on cut-free derivations in PLL. We do not present this full proof
here, but we consider one case for instructions of type (4) to explain the role of
∨ in (F4).

For the ‘only if’ part, one proves a more general claim: if there exists a suc-
cessful computation of P from (Li, k1, . . . , kn), then S(i, k1, . . . , kn) is provable
in PLL. We proceed by induction on the length of a successful computation.
Assume that on the first step one executes the instruction (4). Then, km = 0,
and the second configuration is (Lj , k1, . . . , kn) (no change in registers). By the
induction hypothesis, S(j, k1, . . . , kn) is provable in PLL. Starting from l0 ⇒ l0
and using (→L) several times, one proves a sequent:

dm, rk1
1 , . . . , rkn

n ,∆⇒ l0

where ∆ is a multiset of formulas from Dm. Using (!L), (!CON), (!WEA), one
proves:

dm, rk1
1 , . . . , rkn

n , !Γ(P )⇒ l0

By (∨L), from S(j, k1, . . . , kn) and the latter sequent, one gets a similar sequent
in which lj ∨ dm replaces dm. Then, by (→L), one obtains:

li, li → (lj ∨ dm), rk1
1 , . . . , rkn

n , !Γ(P )⇒ l0

Finally, one proves S(i, k1, . . . , kn), by (!L), (!CON).
The above derivation would be impossible, if rm occurred in S(j, k1, . . . , km).

This could happen, if (4) were executed incorrectly, with a non-zero content of
Rm. Accordingly, ∨ in (F4) and the formulas from Dm are responsible for ‘zero
check’.

The proof of the ‘if’ part is more involved, since derivations in MALL need
not directly follow computations of the machine. One proves a series of lemmas
which show that every derivation of S(i, k1, . . . , kn) can be reduced to a normal
form which simulates a successful computation. We omit details; a full proof,
using tree-like Horn programs, can be found in [10].

We fix a program P . For any formula A ∈ Γ(P ), we choose a new variable
pA (it is different from all variables rm, dm, li). Let A consist of the following
formulas of MALL:

(A1) pA → A, (A2) pA → 1, (A3) pA → pA ⊗ pA

for any formula A from Γ(P ). Let Φ(P ) denote the set of all atoms pA, for
A ∈ Γ(P ). By ϕ(i, k1, . . . , kn) we denote the sequent:

li, r
k1
1 , . . . , rkn

n ,Φ(P )⇒ l0

Notice that S(i, k1, . . . , kn) is a (→,∨,⊗, !)−sequent in which every occur-
rence of a formula !A is negative. Recall that each formula positively occurs
in itself. If a formula occurs positively (resp. negatively) in B, then it occurs
positively (resp. negatively) in !B, B ◦ C, C ◦ B, for ◦ ∈ {⊗,⊕,∧,∨}, and in
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C → B, and it occurs negatively (resp. positively) in B⊥ and B → C. For
a sequent Γ ⇒ ∆, formulas occurring positively (resp. negatively) in formulas
from Γ occur negatively (resp. positively) in the sequent, and formulas occur-
ring positively (resp. negatively) in formulas from ∆ occur positively (resp.
negatively) in the sequent.

In a sequent system like PLL, left-introduction rules introduce negative oc-
currences of formulas, and right-introduction rules introduce positive occur-
rences of formulas. No inference rule changes the polarity of any subformula.
Accordingly, if S(i, k1, . . . , kn) is provable in PLL, then it is provable without
any application of (!R).

Lemma 4 Let S be a sequent of PLL in which any subformula of the form !A
occurs negatively and belongs to !Γ(P ); S contains no new variable pA. Let S′

arises from S by replacing each subformula !A by pA. Then, S is provable in
PLL if, and only if, S′ is provable in MALL(A).

Proof. We prove the ‘if’ part. Assume that S′ is provable in MALL(A).
Fix a derivation. In this derivation, substitute !A for every occurrence of pA,
for any A ∈ Γ(P ). New axioms (A1), (A2), (A3) are transformed into some
formulas provable in PLL, and S′ is transformed into S. Consequently, S is
provable in PLL.

We prove the ‘only if’ part. Assume that S is provable in PLL. We proceed
by induction on cut-free derivations in PLL. If S is an axiom (Id), (0L) or
(1R), then it contains no occurrence of ! (for the case of (Id), if ! occurred
in S, then there would be both positive and negative occurrences of ! in S),
and consequently S′ = S. If S arises by any rule, not introducing !, then we
apply the induction hypothesis to the premises and the same rule in MALL(A).
Assume that S arises by (!L), (!WEA) or (!CON). Observe that the following
sequents are provable in MALL(A):

(S1) pA ⇒ A, (S2) pA ⇒ 1, (S3) pA ⇒ pA ⊗ pA

by (Id), (→L), (A1)-(A3), and (CUT). Let S arise by (!L). So, S equals Γ, !A⇒
∆, and the premise is Γ, A ⇒ ∆. We apply the induction hypothesis to the
premise, then (S1) and (CUT), which proves S′ in MALL(A). Let S arise
by (!WEA). So, S is as above, and the premise is Γ ⇒ ∆. We apply the
induction hypothesis to the premise, then (1L), (S2) and (CUT), which proves
S′ in MALL(A). Let S arise by (!CON). Then, S is as above, and the premise
is Γ, !A, !A⇒ ∆. We apply the induction hypothesis to the premise, then (⊗L),
(S3) and (CUT), which proves S′ in MALL(A). Q.E.D.

Corollary 2 S(i, k1, . . . , kn) is provable in PLL if, and only if, ϕ(i, k1, . . . , kn)
is provable in MALL(A).

Corollary 3 The consequence relation for MALL is undecidable, and it also
holds for the (→,⊗,∨)−fragment of MALL.
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Proof. This follows from corollary 2 and the result of Kanovich. In the
proof of lemma 4, if S is a (→,⊗,∨, !)−sequent, then the resulting proof of S′

uses the restricted fragment of MALL(A) only. Q.E.D.
There exists a program P such that RP is not recursive. Then, there exists

a finite set A such that the provability problem for MALL(A) is undecidable.
As a consequence of theorem 1 and corollary 3, we obtain:

Theorem 2 The consequence relation for BCI∧ is undecidable.

There exists a finite set A, of formulas of MALL, such that the provability
problem for BCI∧(I(A)) is undecidable. By the above results, A can be the
set of formulas (A1), (A2) ,(A3), for A ∈ Γ(P ), where P is a program. The
provability problem in MALL(A) is undecidable, even for sequents of the form
ϕ(i, k1, . . . , kn). If S is a sequent of this form, then I(S) is a (→)−sequent;
here we set I(Γ ⇒ A) = I(Γ) ⇒ I(A), which agrees with the translation of
Γ⇒ A into the formula Γ→ A. Accordingly, the relation ‘Γ⇒ A is provable in
BCI∧(I(A))’ is undecidable even for (→)−sequents Γ⇒ A. On the other hand,
some formulas in I(A) contain ∧, namely the formulas I(B), for B of the form
(A1), where A is of the form (F4). We have:

I((p, p′)→ (q ∨ r)) = (I(p), I(p′))→ {[(I(q)→ 0) ∧ (I(r)→ 0)]→ 0}

So, the consequence relation for BCI∧ is undecidable, even for assumptions in
(→,∧), not containing positive occurrences of ∧, and conclusions in (→).

An analogous theorem holds for BCI∨, which is the (→,∨)−fragment of
MALL. It can be axiomatized in the language (→,∨) by axioms (Id), rules
(→IL), (→IR) and:

(∨IL)
Γ, A⇒ C; Γ, B ⇒ C

Γ, A ∨B ⇒ C
(∨IR)

Γ⇒ Ai

Γ⇒ A1 ∨A2

BCI(∧,∨) denotes the system in the language (→,∧,∨) which admits all
axioms and rules of BCI∧ and BCI∨. It amounts to the (0, 1,⊗)−free fragment
of Full Lambek Calculus with Exchange (FLe) [15, 1]. In BCI(∧,∨) (A∨B)→
C ⇔ (A→ C)∧ (B → C), whence I((p, p′)→ (q∨ r)) is provably equivalent to:

(I∨) (I(p), I(p′))→ {[(I(q) ∨ I(r))→ 0]→ 0}

Theorem 3 The consequence relation for BCI∨ is undecidable.

Proof. Let A be a set of formulas, corresponding to a program P . Let
B arise from I(A) by replacing each formula I((p, p′) → (q ∨ r)) by the corre-
sponding formula (I∨). Let Γ ⇒ A be a (→)−sequent. We prove: Γ ⇒ A is
provable in BCI∧(I(A)) iff it is provable in BCI∨(B). The theorem follows from
this equivalence, by the above results.

Obviously, in BCI(∧,∨), the sets I(A) and B have the same consequences.
So, it suffices to prove: (1) Γ⇒ A is a consequence of I(A) in BCI∧ iff it is so
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in BCI(∧,∨), (2) Γ⇒ A is a consequence of B in BCI∨ iff it is so in BCI(∧,∨).
The ‘only if’ parts of (1), (2) are obvious.

To prove the ‘if’ part of (1) assume that Γ⇒ A is not a consequence of I(A)
in BCI∧. By the completeness results of section 2, there exist a powerset model
P (M) and an assignment µ in P (M) such that all formulas from I(A) are true,
but Γ⇒ A is not true for µ. P (M) can be expanded to a model of BCI(∧,∨):
one interprets ∨ as the join of sets. Then, Γ⇒ A is not a consequence of I(A)
in BCI(∧,∨).

The ‘if’ part of (2) can be proved in a similar way, although the methods of
section 2 do not provide the strong completeness of BCI∨ with respect to pow-
erset models in which ∨ is interpreted as ∪. One proves the strong completeness
of BCI∨ with respect to intuitionistic phase-space models whose elements are
closed subsets of a monoid, and one defines X ∨ Y = C(X ∪ Y ). In the special
model, the monoid M is as above (see section 2), and C(X) is the meet of all
sets [A], containing X, where [A] = {Γ ∈ M : Γ ⇒ A is provable} [1]. The
closed sets are closed under ∩, whence these models can be expanded to models
of BCI(∧,∨). Q.E.D.

4 Non-commutative logics

Similar results can be obtained for some non-commutative systems. We consider
the Lambek calculus L*, a variant of the Lambek calculus L, introduced in [11].
L* is the (⊗,→,←)−fragment of Full Lambek Calculus (FL) [15, 1]. Now,
Greek capitals denote finite sequences of formulas. Sequents are of the form
Γ⇒ A. The axioms are (Id), and the rules are:

(⊗nIL)
Γ, A, B, ∆⇒ C

Γ, A⊗B,∆⇒ C
(⊗nIR)

Γ⇒ A; ∆⇒ B

Γ,∆⇒ A⊗B

(→nIL)
Γ, B,∆⇒ C; Φ⇒ A

Γ,Φ, A→ B,∆⇒ C
(→nIR)

Γ, A⇒ B

Γ⇒ A→ B

(←nIL)
Γ, B,∆⇒ C; Φ⇒ A

Γ, B ← A,Φ,∆⇒ C
(←nIR)

A,Γ⇒ B

Γ⇒ B ← A

In FL one adds rules for ∧, ∨, 1 and (possibly) 0. L is restricted to sequents
with nonempty antecedents. L* is strongly complete with respect to powerset
models over monoids [3]. For its ⊗−free fragment, the proof is analogous to
that for BCI∧. In powerset models, ← is defined by:

Y ← X = {a ∈M : {a} ·X ⊆ Y }

Cyclic MLL is classical system in the language (⊗,⊕,⊥ , 0, 1). → and ← are
definable: A → B = A⊥ ⊕ B, B ← A = B ⊕ A⊥. We omit axiomatization.
Yetter [18] proves that the system is complete with respect to cyclic phase-space
models, described below (he does it for Cyclic MALL).

Let M = (M, ·, 1) be a monoid. A set X ⊆ M is said to be cyclic, if it
satisfies the condition: if ab ∈ X, then ba ∈ X, for all a, b ∈ M . A cyclic
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phase-space model is determined by a pair (M,0) such that M is a monoid
and 0 is a cyclic subset of M . For sets X, Y ⊆ M , one defines X · Y , X → Y
and Y ← X, as above. One also defines X⊥ = X → 0. Since 0 is cyclic, then
X⊥ = 0 ← X. The operation C(X) = X⊥⊥ is a closure operation on P (M).
The closed sets are called facts. X is a fact iff X = Y ⊥, for some set Y . (One
uses Y ⊥⊥⊥ = Y ⊥, for any set Y .) One defines the operations ⊗,⊕ on facts:

X ⊗ Y = (X · Y )⊥⊥; X ⊕ Y = (Y ⊥ ·X⊥)⊥

Facts are closed under→,⊥. 0 is a fact. One defines 1 = 0⊥. For an assignment
µ (of facts to variables), A is true for µ, if 1 ∈ µ(A).

As above, the completeness proof yields, actually, the strong completeness
of Cyclic MLL with respect to cyclic phase-space models. We will define an
interpretation of Cyclic MLL in L*C, i.e. L* with a designated constant 0 and
the cyclic rule:

(C)
Γ,∆⇒ 0
∆,Γ⇒ 0

The rule (ICUT) is admissible in L* and L*C. Our interpretation I, defined
in [5], maps formulas of Cyclic MLL into (→, 0)−formulas of L*C. Then, we
interpret Cyclic MLL in the (→, 0)−fragment of L*C. First, T (A) is defined as
for MALL with the only modification:

T (A⊗B) = [T (B)→ (T (A)→ 0)]→ 0

(in noncommutative models (X · Y ) → Z = Y → (X → Z)). As above,
I(A) = T (A)σ.

Theorem 4 A is a consequence of A in Cyclic MLL if, and only if, I(A) is a
consequence of I(A) in the (→, 0)−fragment of L*C.

The proof uses the analogues of lemmas 1 and 2. First, one proves that L*C
is strongly complete with respect to powerset models over monoids in which 0
is interpreted as a cyclic set.

Pentus [16] proves the NP-completeness of L, L* and Cyclic MLL. Since I is
P-TIME computable, the (→, 0)−fragment of L*C is NP-complete. (It is NP,
as a conservative subsystem of Cyclic MLL; this can also be shown directly.)

The consequence relations for L* and Cyclic MLL are undecidable. This
follows from the fact that the word problem for groups is reducible to each of
these relations. (Notice that groups are models for these systems: both ⊗ and ⊕
are interpreted as the group operation ·, ⊥ as −1, a→ b = a−1b, b← a = ba−1,
0 = 1, and⇒ as =.) One can also reduce some word problem for semigroups, by
some finer considerations; see [2, 6], or use the undecidability of the consequence
relation for the (→)−fragment of L* (in [2] it was shown for L, but the proof
also worked for L*) and the fact that this fragment is conservative in L*C, also
for consequence relations. By theorem 4, we obtain the undecidability of the
consequence relation for the (→, 0)−fragment of L*C.
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In a similar way, Cyclic MALL can be interpreted in L*C∧. For systems
with additives, the provability relation is P-SPACE (an upper bound). The
complexity classes of the ⊗−free fragments of L* are not known.
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