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22 1. Introduction

23

o Consider a finite sum of dependent random variables of the following form.

»5 Let I' be a finite ground set and let S be a family of its subsets. Let I', be a

» random, binomial subset of I' which independently includes each element of I" with

,;  Probability p. Finally, for each S€S, let I's be the indicator random variable of the

s event {SCT',}. Then X=X(I',§,p)=> gcs Is counts the number of members of

o  the family & contained in a random subset I',. A lot of research has been devoted

30 to the study of the asymptotic distribution of X when the order N =|T'| grows to

51 00 and p=p(N), both in a general setting and for particular instances. Among the

3, latter, the most popular models are random graphs G (n,p), where I'= (‘2/) for some

53 n-element vertex set V' (see [5]), random k-uniform hypergraphs (see [1]), where

3 F:(‘;), and random subsets of integers, where V={1,2,....n} (see [3], [9]).

35 One feature which received a lot of attention is the rate of decay of the tails

36 of X, the lower tail P(X <tE X) for 0<t¢<1, and the upper tail P(X>tE X) for

37 t>1. Good estimates for the lower tail follow from the Fortuin—Kasteleyn—Ginibre

38 A. Rucinski supported by Polish grant N201036 32/2546. Research was performed while

39 the authors visited Institut Mittag-Leffler in Djursholm, Sweden, during the program Discrete

0 Probability, 2009.
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41 inequality (lower bound) and Janson’s inequality (upper bound), see [5], Section 2.2.
42 Often, these two bounds asymptotically match under some restrictions on the de-
43 pendencies among the summands Ig. This is, in particular, the case of subgraph
44 counts in random graphs, see [5], Section 3.1.

45 The upper tails tend to be harder to analyze. Some ad hoc results can be
46 found in [5], [10], [6] and [7], among others. For the subgraph count problem a quite
satisfactory and complete result has been obtained in [4], where the logarithms of
48 the upper and lower bound on P(X >tE X) are of the same order of magnitude
49 except for a logarithmic term. A generalization to random hypergraphs can be
50 found in [1].

51 This paper can be viewed as a follow-up paper to [4]. Using the proof tech-
52 niques developed therein, those results are extended in two directions. First, we
53 return to the more general model of set systems (or hypergraphs) and obtain some
54  gtraightforward estimates for the upper tail of X, covering, in particular, the num-
55 ber of arithmetic progressions of given length in a random subset of integers. Then,
56  we return to the subgraph counts to study the rooted version of the problem, only
57 to discover some unexpected features there.

AUTHOR’S PROOF

58
59
60 2. Counting edges of randomly induced subhypergraphs
61
o Let H be a k-uniform hypergraph on a vertex set I' with |I'|=N and with
6 |H|=aN? edges, where a=a(N)>0 and 0<¢<k. (In principle, a(N) is arbitrary,
o 5O this is no restriction on |T'|; a(N) is essentially constant, or at least bounded, in
g Some important applications, see Section 2.1.) Consider a random, binomial subset
o Lpof I', where 0<p=p(N)<1, and the random variable X =|H[I'y]| counting the
67 edges of H that are entirely present in I',. Note that
68 p=EX =|H|p* =aN%p".
69
20 For j=0,1,..,k, let
- Aj=max {TeH:T2 S},

se(3)
72
73 1€, the maximum number of edges that contain j given vertices.
74
75 Theorem 2.1. Let g be an integer, 1<q<k, and let ay>0 and t>1 be real
76 numbers. There exists a constant c=c(q, ag, t) such that if H satisfies the following
7 four conditions:
" (i) a(N) =[H| /N> ay; |
7 (ii) for all j<q we have A;=O(N177);
% (iil) for all j>q we have A;=0(1);

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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Upper tails for counting objects in randomly induced subhypergraphs

(iv) there exists C>0 and ToCT such that |To|<Cu'/? and |H[To]|>tp, then,
with X =|H[T,]l,

1
pc“l/q =exp (—Cul/q log 5) <P(X >tp) < exp(—cul/q).

Before giving the proof, we make some comments.

1. The two exponents are of the same order of magnitude except for the loga-
rithmic term log(1/p); this inaccuracy disappears obviously for p constant.

2. Note that P(X >tu)>0&tu<|H|<tp* <1, so the theorem is interesting for
t<p~* only. (For larger t, P(X>tu)=0 so the lower bound fails, while the upper
bound is trivial; further, (iv) fails.)

3. Condition (iii) is redundant, since it follows from (i) with j=g¢, but we
prefer to include it explicitly for emphasis, and for comparison with Theorem 2.2
which allows for non-integer values of ¢ (note that for non-integer ¢, (iii) does not
follow from (ii)).

4. As we will see in the proof, the upper bound follows only from conditions (i)—
(iii), while the lower bound is a consequence of condition (iv) alone.

Proof. Take C and T’y as in assumption (iv). We have
P(X >tp) > P(I', 2 Tg)=p/™,

which proves the lower bound.
For the upper bound, we use the same approach as in [4]. By Markov’s in-
equality, for every m we have

EX™
P(X > ty) < ———.
tmum

It remains to show that for a sufficiently small ¢;=c;(q, ag,t) and m=[ciu'/9] we
have, say, E X™<t"/21,™.
Having chosen m—1 (not necessarily distinct) edges E1, ..., Ep—1 of H, let N;
-1 .
be the number of edges F,, such that ’EmﬂU;zl Ei‘:], and let NZj:Zkzj Ni..
We estimate these numbers as follows: For j=0,

1) No < Nso = |H]|.
For 1<5<q, by (ii),

(2) N; < Nsj=0(miA;)=0(m?! NT9),

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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121 since if ’EmﬂU?:ll E;|>j, then there exists a set AcU™," E; with |A|=j and
122 F,, DA, and there are O(m’) such sets A, and at most A; edges E,, for each A.

123 For j>q we obtain

124
125 (3) N; SNZq:O(mq)

126 from (2) (with j=q).

127 Arguing as in [4] we have from (1)—(3), by induction on m,
128
129 q ' _ , k \m=1
130 EX™ < u(|H|pk+Z O(m? N 9)pF=I + Z O(mq)pk_J)
131 J=1 j=q+1
132 IN </ m V PN
=u"(14+0| - — o)==
133 : ( " (a)%(Np) +oW) I )
134

AUTHOR’S PROOF

135 for every m>1. Now choose m= fclul/ﬂ >1, as said above. If m>2, then m/Np<
136 2c1p'/9/Np=2c1a/9p*/9-1<2¢1a/9, and thus, using (i), the term in parenthesis
137 in the last line can be made arbitrarily close to 1 for all m>2 by choosing ¢; >0
138 small enough; in particular, it can be made less than ¢'/2. Hence, for the chosen m,
139 EX"<t™/2™ if m>2, and trivially if m=1 too. This completes the proof. [

140

141 In the case of non-integer g, the upper bound gets further away from the lower
142 bound. Indeed, we then have the following result.

143

144 Theorem 2.2. Let q, ag and t be real numbers, with 0<q<k, ag>0 and t>1.

145 There exists a constant c=c(q,ag;t) such that under the same assumptions (i)—(iv)

146 as in Theorem 2.1,
i; P(X > tp) <exp(—cmax{p!/9pFt/la=1/a) ,1/laly)

149 and

150 1/q 1
151 P(X >tp) >p“t " =exp <_Cﬂl/q log ]3)
152

153 Proof. The only difference in the proof is when we bound N; to estimate
154 K X™. Namely, for j>[q|, we either use NjgNZLqJ:O(quJN‘I*LqJ), or N;<
155 N, =0(mll). We then choose

156

157 m=/[c, max{’ul/qpk(l/LQJ—1/q)7 Akl M

8 for a small constant c1. (We may assume that p>1, since otherwise m=1 and,
199 recalling that ¢>1, the estimate E X <t'/2y is trivial.) O

160

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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0:161 2.1. Integer solutions of linear homogeneous systems
162
m163 For an [xk integer matrix A, where [ <k, assume that every [x! submatrix
0-164 B of A has full rank r(B)=I[=r(A). Consider the system of homogeneous linear
165 equations Az=0, where x=(x1,...,x;) is a column vector and 0 is a column vector

Upper tails for counting objects in randomly induced subhypergraphs

(Dl“ of dimension [. We assume also that there exists a distinct-valued positive integer
m 157 solution of Az=0. These assumptions seem to be quite restrictive, but, in fact, we
mles cover at least one important case: the arithmetic progressions of length k& which
0169 can be viewed as distinct-valued solutions to a system of [=k—2 equations.

170 Let I'=[N]:={1,2,...,N} and 0<p=p(N)<1. Then I', is a random subset of
Il71 the first IV integers with density p. Define a k-uniform hypergraph Ha=H4(N)
|_172 as the family of all solution sets {z1,...,zx} of the system Ax=0 with z; distinct

173 and in [N]. Let us check that for some ag, ¢, and C the assumptions (i)-(iv) of
<174 Theorem 2.1 hold, at least in the interesting case u=|Ha|p* >1 and tu<|H 4|, which

175 can be equivalently restated as

176 (4) p>1 and t<p*.

177

178 Set q=k—I.

179 (i) and (iv) We will show that there exists ag >0 such that for sufficiently large
180 m<N we have

181

s () |Ha(m)| > agmi.

18 Taking m=N in (5) we obtain [H4|>agN?, which is (i). Taking

184

185 m=min{[(tag *p)*/7], N}

1:: in (5) and Tp=[m] we obtain (iv) with C=2(tagy *)'/9, using the assumptions in (4).
188 Let xo€Z" be a positive integer solution of Ax=0. Let My be the largest of
189 its coeflicients xo1, ..., zok. Let X1, ..., x4 be ¢ linearly independent integer solutions
190 of Az=0. (There exist ¢ linearly independent rational solutions, and we may mul-
101 tiply these by their common denominators and thus assume that they are integer
192 solutions.) Let M be the maximum of the absolute values of the coefficients in
103 X1y.eey Xg-

- Given m, let d:=|m/(My+1)]. For any integers ai,...,aq, the sum dxo+
195 7 a;x; yields an integer solution of Az=0, and these solutions are all distinct.
196 If further |a;|<d/2gM for all 4, this solution has all coefficients positive, less than m,
g7 and distinct. The number of these solutions is ©(d?)=6(m?). Hence, (5) holds.
198 (ii) and (iii) By elementary algebraic properties of systems of linear equations,
190 €very system By=c, where B is an integer | x h matrix, has no more than N"—7(5)
b Solutions in [N]. Thus, Ag=|Ha|<NF'=N4. For every subset J of the columns

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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201 of A, define Ay as the submatrix obtained from A by removing the columns in J.
202 This means that when we fix values of some j variables, then the obtained system of
203 equations is of the form By=c, where y consists of the remaining unknowns, B=A;,
204 and J is the set of columns of A corresponding to the fixed variables. Hence, the
205 number of solutions with j given elements corresponding to the given columns J is
206 at most N*~7=7(4s) Now, for all j<q=Fk—I, if |J|=7 then, by our assumption on
207 A, r(Ay)=l, so (summing over J) A;=0O(N*~9=1)=0O(N9~!). On the other hand,
208 if j>k—1 then r(A;)=k—j, so A;=0(N°)=0(1).

AUTHOR’S PROOF

209 Hence, given (4), Theorem 2.1 applies for such H4 with ¢=k—! and p=
210 @(Nk_lpk).
211
212 Ezample 2.3. In particular, we obtain quite sharp estimates for the tails of the
213 numbers of arithmetic progressions of length k in [N ]p- Indeed, they are given by
214 the system x;—2x; 1 +2i42=0, i=1,....,k—2. It is easy to check that for I=k—2
215 every I x! submatrix has full rank, and we have the following result.
216
217 Corollary 2.4. Let X be the number of arithmetic progressions of length k
B [Np, k>3, and let p, t>1, and p satisfy (4). Then there exist ¢, C>0 such that
219
220 k2 1
221 NP =exp (—CNp’“/2 log —) <P(X > tp) <exp(—cNp*/?).
222 P
223 Ezample 2.5. A Schur triple is a triple {z,y, 2z} of positive integers such that
224 r4+y=z, x#y. In this case we have k=3 and /=1, and so ¢=2.
225
226
. Corollary 2.6. Let X be the number of Schur triples in [N],, and let p, t>1,
vog and p satisfy (4) with k=3. Then there exist ¢,C>0 such that
229 o 1
230 pONP —exp (—C’Np‘g/2 log > <P(X >tp) <exp(—cNp*/?).
p

231
232 Remark 2.7. Arithmetic progressions are partition regular, a name introduced
233 by Rado for all linear systems, the solutions of which satisfy theorems similar to the
>* " van der Waerden theorem. But, in addition, they are also density regular, which
¥ neans that every subset of integers of positive density contains them (Szemerédi’s
236 theorem). Partition properties of random subsets of integers with respect to density
237 Lo . .

regular systems were studied in [9]. Schur triples form an example of partition
238 regular but not density regular linear system. Partition properties of random subsets
29 of integers with respect to Schur triples were studied in [3].
240

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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I I Upper tails for counting objects in randomly induced subhypergraphs
241 Remark 2.8. We have here treated the set of solutions z to Ax=0 as a hyper-
0242 graph, i.e., we have treated the solutions = as k-sets rather than k-vectors. This

m243 is fine for the examples of arithmetic progressions and Schur triples treated above,
244 but in general it may be more natural to regard the solutions x as vectors (or,
245  equivalently, sequences) in [N }k , rather than as sets. We then define H,4 as the

(nMﬁ subset {x: Ar=0} of [N]*. In this way, we distinguish between solutions that are

247 permutations of each other (for example, (z,y,2) and (y,z,z) in the Schur triple

m248 case), and we allow repeated values.

0249 It is possible to prove a version of Theorem 2.1 for this case, using essentially

I250 the same proof, but the possibility of repeated elements of I'=[N] complicates

|_251 the conditions; we now need bounds on the number of vectors in H 4 that have j
252 coordinates fixed, and at most ¢ distinct values of the other coordinates. We omit
253 the details.

<

254

255

256  2.2. Further examples and remarks

iz; Ezample 2.9. In the dense case, that is, when ¢=Fk, assumption (iv) holds
a9  trivially by averaging over all subsets I'g of a suitable size, provided the necessary
-0 condition ¢<p~* is satisfied, but this result has been known already (cf. [6] and [7]).
261 In particular, this case covers the number of matchings of size k in a random
s  T-uniform hypergraph G (n,p), by considering a k-uniform hypergraph H where

263 the vertices are the edges of the complete r-uniform hypergraph Kﬁf) and the edges
s6a are the matchings of size k in Kff). Then the assumptions of Theorem 2.1 hold
265 with q:k

267 Remark 2.10. It can be very hard to improve upon Theorem 2.2, because it
26  contains the triangle count problem from [4]. Indeed, with I‘:([Z]) and H being
260 the family of the edge sets of all triangles in K,,, we have N=(}) and |H|=0(n%)=
0 O(N3/?), s0 q:%. To get the result from [4], we would need to improve the upper

»71  bound, but this seems to be impossible without “seeing” the vertices of the random

272 graph.

273

274

275 3. Rooted subgraphs of random graphs

Zj A rooted graph (R, Q) is a graph G with a fixed independent set R; we also say
278 that the graph is rooted at R. (For simplicity, we sometimes use G to denote the
270 rooted graph (R, G) when R is clear from the context.) Counting rooted subgraphs
280 of a random graph G(n,p) with a fixed set R of roots plays an important role in

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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281 studying the so called extension statements and 0-1 laws in random graphs, see,
282 e.g., [5, Sections 3.4 and 10.2]. Another application can be found in [8], where a
283 sharp concentration of the number of paths of given length connecting two given
284 vertices is utilized. Here we give a quite accurate estimate of the upper tail of the
285 number of rooted copies of a given rooted graph in G(n,p); the result is similar to
286 our main result in [4] for unrooted graphs, but somewhat simpler, except for a new
287 complication for constant p. (Note that we use G and G(n,p) for different graphs
in this section; these should not be confused.)

289 A rooted graph (R', H) is a rooted subgraph of (R,G) if H is a subgraph of
200 G and R'=V(H)NR. We let N*(G, H) denote the number of rooted copies of H
291 in G.

292 Given a rooted graph (R,G) and a graph F on the vertex set V(F)=[n|=
203 {1,2,...,n}, let r=|R| and regard F as rooted on [r]={1,...;7}; we say that a
204 rooted subgraph of ([r], F) isomorphic to (R, G) is an R-rooted copy of G in F.
205 Thus N®(F,G) is the number of R-rooted copies of G in F. In particular, when
296 F is a random graph G(n, p), we let the random variable X =X%=XZ%(n, p) be the
207 number N®(G(n,p),G) of R-rooted copies of G in G(n,p). We further define

AUTHOR’S PROOF

208

200 (6) p=nr(G,n,p):=EXE = N*(K,,G)p"?.

Zz(l) For a subgraph H of G let H—R be the graph obtained from H by deleting
202 all vertices of R (together with incident edges), and define

33 (7) Ui = Uii(n,p) i=n" T Bpet),

304

305 Note that R =0(E XL'), with R"=RNV (H), but as defined, it does not depend
306 on the actual set R’ of roots of H.

307 Recall that, for a graph H, the fractional independence number o*(H) is de-
308 fined as the maximum value of ), x; over all assignments {z;};cy(m) such that
309 0<z;<1 for all vertices t€V (H) and z;+xz;<1 for every edge ije H. We let

(8) Mpg=Mpg(n,p)= min ()" H=R),
311 ; * HCG
312 e(H)>0
313 We further let
314 ()
e
315 (9 G):= ———>0,
316 ) mr(G) ?Sé v(H—-R)
e(H)>0
317
318 and note that (7), (8) and (9) imply that
i m(G)
w0 (10) Mpa<l <= np <1.

Journal ID: 11512, Article ID: 117, Date: 2010-02-04, Proof No: 1
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321 By the same argument as for the unrooted case in [5, Section 3.1], it is easy to show
0322 that p=n—1/m1(G) ig the threshold for the appearance of an R-rooted copy of G in
O3 Gnp).

324 Let er(G)=e(G)—e(G—R) be the number of edges in G incident with the root

325  get R. We assume below that er(G)>0; the case er(G)=0 is uninteresting since
w326 then X[ equals the number of copies of the unrooted graph G—R in G(n, p)—[r],
&327 which we identify with G(n—r,p), so X&(n,p)=Xg_r(n—r,p) and we may apply

328 the results of [4].

I330 Theorem 3.1. For every rooted graph (R,G) with er(G)>0 and for every
|_331 t>1 there exist constants c=c(t,G) and C=C(t,G) such that for all n>v(QG), with
332 pri=t= R gnd py:=t=1E) the following holds:

333 (a) if p<n=Y/mr(@)  then,

334

335 p“ =exp (—Clog 1) <P(XE > tp) <exp(—0);

336 p

337

238 (b) if n~V/mr(G) <p<p,, then

339 CMp,c 1 R .

340 pome =exp <_CMR,G log —) <P(Xg >tp) <exp(—cMrg);

341 P

342 (¢) if pr<p<p2, then

343

304 exp(=C(n+(p—p1)°n?)) SP(XE 2 1u) < exp(—c(n+(p—p1)*n?));

ziz (d) if p2<p<1, then

347 P(XE>tu)=0.

348

340 Note that 0<p; <ps<1, and that p; and py do not depend on n. Before giving
350 the proof, we make some comments.

351 (i) Case (d) is trivial, because p>pytp® @ >1etu>NE(K,,G), see (6),
55 SO it is impossible to get at least tu rooted copies of G on n vertices.

253 (ii) Case (a) is uninteresting and included only to show that the estimates in
554 (D) extend in a continuous way to smaller p. (Note that Mg =1 at the threshold
255 p=n"1/mr(G) cf (10).) Indeed, in case (a) we are below the threshold, so typically
N

357 (iii) If er(G)=e(G), or equivalently e(G—R)=0, i.e., all edges in G have a
;g ToOb as one endpoint, then p;=py and case (c) disappears, so that (b) is valid until
350 the cutoff at py. For all other G, p; <p2 and case (c) appears, so there is a phase
360 transition at p;.
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(vii) For any fixed p>0 (or p=p(n)€[po, 1] for some constant py>0), VL=
372 O(n*™—1) . Since a*(H—R)<v(H—R) for all HCG, with equality for at least

361 (iv) In the unrooted case in [4] there is also a phase transition at p=n—1/4¢.
O 362 This has no counterpart in the rooted case.
m 363 (v) Since eg(G)>0, G has a rooted subgraph Hjy which is just a single edge
n_ 364 with one endpoint in R; we have W =np and o*(Ho—R)=a*(K1)=1, s0

365
w 366 (11) MR,GS(\I’ZO)U(X (HO_R)anSTL.
[
m 7 Hence, the upper bound in (b) is never stronger than exp(—0(n)).

308 (vi) In (b) the exponents in the lower and upper bound are of the same order
O 09 of magnitude except for the logarithmic term log(1/p); this inaccuracy disappears
I 370 obviously for p constant.
I— 371
: 3 one H with e(H)>0, viz. a single rooted edge, (8) shows that then Mpr c=06(n).
< 37 Consequently, the result in (b) can be written for constant p<p; as P(XE>tu)=
375 exp(—0O(n)). This shows that the bounds in (b) and (c) agree at p=p;. Moreover,
376 . .

we obtain the following corollary.

377
378

Corollary 3.2. With assumptions and notation as in Theorem 3.1, assume
379 further that p is fized.

380 (a) If 0<p<p1, then

381

382 P(XE >tu) =exp(—0(n)).

383

284 (b) If p1<p<pa, then

385 P(XE > tp) = exp(—O(n?)).

386

387 (c) If p2<p<1, then

388 P(XE > tp) =0.

389

300 The sudden jump in the exponent from n to n? at p=p; (for G with
301 €(G—R)>0, so p1 <p2) may be surprising, and has no counterpart in the unrooted
30 case in [4]. It may roughly be explained as follows (see the proof): If p<pi, then it
503 suffices (typically) to have all ©(n) edges from the roots present in G(n,p) in order
304 b0 have more than tu rooted copies of G. However, if p>p;, this is not enough,
405 and we need also (typically) a larger proportion than p of the (") other possible
306 ©dges, which by the usual Chernoff bound has probability only exp(—0O(n?)).

zz; Proof of Theorem 3.1. We mostly follow closely the proof for the unrooted
400 Case from [4], and therefore omit some details. As remarked above, (d) is trivial.
200 Part (a) can be proved by a modification of the argument below, replacing Mg ¢
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LL
0401 by 1; we omit the details and refer to the corresponding argument in [4]. Hence we
0402 consider only (b) and (c). We let C1,Co, ... and ¢q, ca, ... denote constants that may
m403 depend on G and t, but not on n or p.

404 Upper bounds. If (R, H) is a rooted graph, let N%(n,m, H) be the maximum

405 of N'(F, H) over all rooted graphs F with v(F)<n and e(F)<m and with a set of
w‘mﬁ roots of size |R|. In other words, N®(n, m, H) is the maximum number of copies of
&407 (R, H) that can be packed in n vertices and m edges with a given set of |R| roots.

408

Let us start with the observation that if the minimum degree §(H)>0 then

O:?z (12) N (n,m, H) < N%(2m,m, H)=O(N(2m,m, H—R)).

I_411 Indeed, for any F with v(F)<n, e(F)<m, and 6(F)>0, we have v(F)<2m, so the
12 Jeft-hand side inequality follows. To prove the right-hand side inequality, assume
41

3 that F and H have the same set of roots R. Then
414
415 NEB(F,H)< N(F—R, H—R)x2/BICH=IED — O(N (2m, m, H— R)).
416

Now, to prove the upper bound on ]P’(Xg >tu), as before, we want to show that,

417
g Say, E X™<t™/2;™ where X=XE, u=FE X, and m is suitably large. Similarly as
a9 D [4] and, as a matter of fact, similarly to the proof of Theorem 2.1 here, an
1o inductive argument yields, for all m>1,
421 R m—1
m m N (na (m_l)e(G)aH)
422 (13) EX S,u (1+Cl Z \I/R 5
423 HCG H

424 where the sum extends over all rooted subgraphs (R', H) of (R,G) with 6(H)>0.

425 (H corresponds to the subgraph spanned by the edges in the intersection of the mth
426 copy of G and the union of the m—1 previous copies, and as such has §(H)>0.)
427

We take m:=[c; Mg ] for a suitable small constant ¢; €(0, 1) to be fixed later.
428 By (12), [4, Theorem 1.3] and (8), for every HCG with §(H)>0, assuming m>2,

429

430 NR,(n7 (m—=1)e(G),H) < CoN(2(m—1)e(G),(m—1)e(G), H—R)
431 :Q(ma*(H_R)):@((ClMR’G)a*(H_R))
432

433 < Cse V.

22; Hence, (13) yields (the case m=1 being trivial), EX™<pu™(14+C4c;)™ L. We
436 choose ¢; so small that 1+Cyc; <t'/2, and then Markov’s inequality yields
EX™

T (14) P(X >tp) < <t™™2 <exp(—caMp.c).
438 (A TAE ’
0y particular, this yields the upper bound in (b).
440
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441 For the upper bound in (c), we note that each rooted copy of G in K,, yields
442 g copy of G—R in K,,—R=K,,_,; conversely each copy of G—R in K, —R can be
443 extended to exactly g rooted copies of G in K,,, for some integer g>1 depending
444 on G. Hence, X&(n,p)<gXg-r(n—r,p). Further, N¥(K,,G)=gN(K;-,,G—R)

445 SO

446

w7 (15) p=N"(K,, G)p"'? =gN(K,_,, G- R)p*( ¢~ ten()
448 = gM(G—R, n—r, p)peR(G)'

449

450 Consequently,
451

AUTHOR’S PROOF

sy (16) P(XE > tp) <P(9XG—r(n—r,p) > tgu(G—R,n—r,p)p"*'?¥)
453 :]P(XGfR(n_Tap) ZtPER(G)IU’(G_Run_Tvp))'
454

455 Let t:=tp°r(@) and note that, for (c), 1<{<t. By [4, Theorems 1.2 and 1.5, and
456 Remark 8.2, recalling that ¢ is fixed and p>py,

457
458
459 Further,
460
461
462
463
464 (18) P(ngtu) <exp(—c3(p—p1)*n?).

465

466 The upper bound in (¢) now follows by taking the geometric mean of (14) and (18),
467 noting that in this range of p, Mg .c=0(n) as remarked in (vii) above.

(17) ]P)(XGfR(nfra p) > {,LL(GfRa n—r, p)) < exp(fcfi(ijf 1)2n2)'

~ p ™ p
t—lztpeR(G)_lz(_) —12——1217_1717
D1 b1

o (16)—(17) yield

468 Lower bounds. Let H be a subgraph of G such that e(H)>0 and
469

L _ R\1/a™(H—R)
470 M:=Mgpa=(Yg) .
471 Since we consider parts (b) and (c¢) only, M >1 by (10).
ar2 Set po=(3vgt)~! and assume first that p<p,. (Note that po<t=1<p;.) We
473 construct, as in [4], a graph F with
474
s (19)  o(F)<3(vg—7)tM, e(F)=0(M), and N(F,H—R)>?2t¥%.
476
ar This is done as follows. Let {;};cv(m—r) be an optimal assignment for the frac-
78 tional independence problem, that is, 0<z; <1, z;4+x; <1 for every edge ij€ H — R,
479 and >, zi=a*(H—R). Construct F' by blowing up each vertex of H— R to a set of
280 [2tM*i] vertices and replacing each edge of H— R by the complete bipartite graph.
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LL
0481 This yields (19), where we have put 3 rather than 2 because of the ceiling. Now,
0482 by (11),
m483

484

v(F) <3(wg—r)tM <3(vg—r)tnp < (1—r/vg)n <n-—r.
485
(D‘lSﬁ We may thus fix a copy Fy of F with V(F;)C[n]\[r]; we further let F; be F}
= 487 enlarged by adding all roots 1, ...,r together with all rv(Fy)=0(M) edges between
1488 the roots and V' (F}). Now, exactly as in [4], it follows from [4, Lemma 3.3] that
< ,489

490 P(XE > tp) > 1p D P(G(n,p) D Fy) = 1pe(@TelF2) = 00D,

3 Assume now that pg<p<ps and note that the lower bound we want to prove
494 can be written as exp(—0(n)), see (vii) above or Corollary 3.2.
495 Consider first the case e(G— R)=0 and observe that then the maximum number
496 of copies of GG are obtained as soon as all edges from the roots appear, so, denoting

497 this event by EE,
498

499

L.
|_492 This proves the lower bound in (b) when p<py.
49

P(XE > tp) > P(ER) = pr(n=r) > ¢=Com,

500  which proves the lower bound in (b) in this case. (Since e(G—R)=0 implies p; =pa,
501 (c) is trivial.)

502 Thus, it remains to consider the case when po<p<ps and e(G—R)>0. We
503  note first the trivial bound

504

505 (20) P(XE > tp) > P(G(n, p) = Kp) =p(3) > =0,

506

507 Let Z be the number of edges in G(n—r,p). Since Z has binomial distribution
508 Bin((","),p) with mean p(","), it is easily seen that if (1+38)p<1, and & is the
500 event {Z>(1+36)p(",")}, then

510

511 (21) P(E5) > cq exp(—Crn?6?).

512

513  (The Chernoff bounds are essentially sharp, as is easily seen using Stirling’s for-
514 mula.) The number Xg_gr(n—r,p) of copies of G—R in G(n—r,p) is a sum of
515 N(K,_,,G—R) indicator variables I,. Conditioned on Z=z, each of them has the
516 expectation

517

e(G—R)
8 99 P(I,=1|Z=2)= (Hecrm) _(_= 1-0(z"Y).
L s e ((n;r)) (1-0(="1)
520
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8 521  Let N5::(1+36)p(";’“). If §>n~1, 2>N;s, and n is large enough, then (22) yields
22
X - P(la=1]Z =2) > (14+30) (@ PpC=R (1_0(n"2))
n_ 524 > (1+20)p° e(G-R)
(D :zz Consequently, if 6>n"" and n is large enough, then P(I,=1|&5)>(14-28)p(¢ ),
g and summing over o we find
527
m 528 E(Xg_r(n—r,p)| &) > (1426)E Xg_r(n—r,p)=(14+26)u(G—R).
O 529 Hence, by Lemma 3.2 of [4], as in the proof of Lemma 3.3 therein, with % replaced
T ° by (1+6)/(1+24), we obtain
531
2
I_ 532 g G —R) 2
P(Xg_r>(1+0)u(G—R)| &) > >c50°.
i I (Xa-r 2 (1+0)u(G-R)| 5)—<1+25> (KniG—R) =
< 534 Assuming also the presence of all edges from the roots, i.e., the event £F, we have
535

XE=gXg_gr (where g is as in the proof of the upper bound); further, by (15),

336 =gu(G—R)p°r(9); hence the inequality X¢_z>(1+6)u(G—R) is equivalent to
e (29 XE > (146)pmen @y,

539 Consequently,

e POXEZ (140 RO €7, 65) 2 P(Xa_n > (1+)u(G—R) | &) 2 s0”

542 and thus, by (21),

543

o P(XE > (1+46)p 2 D) > 562 P(Es and EF) = 562 P(E5) P(ET)

a5 > con~2 exp(—Cr8*n?)p™ = exp(—O(6*n? +n)),

546 . 1 /

547 provided 1/n<d<3(p~" —1) and n is large enough.

sas For po<p<p1, we choose 6=n""; then the right-hand side of (23) is greater
50 than py eR(G)u:tu, so we obtain

550 P(XE >tp) > exp(—0O(n)),

551

550 which as remarked above is equivalent to the lower bound in (b) for this range of p.
553 Finally, if p; <p<ps, we take

554 1 er(G) 1 1
0 ::max{tpeR(G)—l, —} :max{ (£> -1, —} =@<p—p1+—>,
555 n D1 n n

0 55 that the right-hand side of (23) is again at least tu. This yields the lower
>" " bound in (c) when n is large enough and p>p; is small enough to guarantee that
) < % (p~1=1). For larger p, as well as for small n, we simply use (20). This completes
:Zi the proof of the lower bound in (c). O
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600

Upper tails for counting objects in randomly induced subhypergraphs

3.1. Examples and remarks

It is easy to see that the minimum defining M =MFg ¢ in (8) is achieved by a
subgraph H of G such that H— R is connected and, for every vertex ve H, H con-
tains all edges leading from v to R. These observations simplify computations of
the bounds in Theorem 3.1.

Ezample 3.3. (Cliques rooted at a vertex.) Let G=Kj, k>2, and r=|R|=1.
Then mpr(G)=k/2 and er(G)=k—1. To find M, consider first the candidates
H=K, (with the root contained in H) and H=G=K}. For H=K>, we have, as

shown in general in comment (v) above, (W)Yo (H=F)—pnp For H=K} we have

Uy, =n*~1p(2) and o (K — R)=a* (Kj_1)=(k—1)/2, and thus (WL )1/o" (=1

n?pF. Hence,

(24) M <min{np,n’p"};

we will show that equality holds.
To this end, consider a general HCG with e(H—R)>0 and let F:=H—R.
Then e(H)<e(F)+wv(F) and so, see (7),

\IJ]P%I nv(F)pe(F)Jrv(F)

25 >
(25) (np)e™(H=R) = (pp)o*(F)

— (np1yu(F) =" () pe(P) = (k=2)(o(F) —a” ()

and, dividing (25) by (np*~—1)® (H=R),

gt . .
(26) (n2pk)a1;1(H7R) > (nph=—1)0(F)=20" (F) je(F) = (k=2) (o(F) —a” (F))

Since 1v(F)<a*(F)<uv(F), we have v(F)—a*(F)>0 while v(F)—2a*(F)<0, so
(npF—1)?E)=a"(F) > 1 if npk—1>1 and (nph~1)*)—2¢"(F) > 1 if npk~1<1. Further,
by [4, Lemma 6.1], since FCG—R=K},_1, we have e(F)<(k—2)(v(F)—a*(F)),
and thus pe)=*=2)((F)=a"(F))>1 for all pc(0,1]. Consequently, at least one of

the right-hand sides of (25) and (26) is >1, so
U > min{(np)® =, (n?ph)e =Y,
or (WYY (H=F) > min{np, n?p*}. Finally, by (8) and (24),

n2pk, p<n~1/(=1)

M =mi 2kl =
win{np, n"p"} {np’ p>n-1/(k=1),
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601 Ezample 3.4. (Bipartite graphs rooted at one whole side.) These are exactly
602 the graphs with e(G—R)=0, and so p;=p2 (see comment (iii) after Theorem 3.1).
603 The two classes of the bipartition are R and S=V(G)\ R. Since the only connected
604  subgraph of G—R is K, and o*(K;)=1, we have from (8) and the comments
605 above that M=np®s(@) where Ag(G):=max,ecsdg(v) is the maximum degree in
606 (G among all the vertices of S. Consequently, the upper bound in part (b) of
607 Theorem 3.1 is of the form

608

609 P(XE > tp) <exp(—O(nps(@)).

610

611 It follows from the above example that the bounds on P(XF>tu) for K » with

612 r=2 and for even cycles Cys with r=s are the same, since in both cases Ag(G)=2.
613 This is a special case of a more general phenomenon that the bounds depend only
614 on the structure of G—R and the degree sequence |Ng(v)NR|, ve€V(G)\R. Our

615  next example provides one more instance of that.
616

AUTHOR’S PROOF

617 Ezample 3.5. (Paths rooted at the endpoints and cycles rooted at a vertex.)
618 Let G=Pj be a path with k vertices, k>3, and let R be the set of its two endpoints.
619 Then mp(G)=(k—1)/(k—2), and so p>n~m=(%) implies that np— oo as n—oo.
620 The minimum in M can be achieved only on a subpath H on at most k—2 vertices
621 containing one root, or H=PF;. So,

622

: . 1 IN1/T1/2 k=2, k—1\1/[(k—2)/2
Zi M_mm{lg]%lil_g(”p) ITU21 (pk=2ph=1y1/[(k=2)/ w}.
025 The terms with even [ are all equal to (np)? while for odd [ they are equal to
626 . .
o7 (np)?/(+D | which means that the smallest among them is np, the term corre-
o8 sponding to a single rooted edge. Hence, for even k, M=np if p>n~*=2/k and
62 otherwise M =n2p?=D/(:=2) "the term corresponding to H=G. A similar cutoff
630 for odd k occurs at n=(+=3)/(k=1) with M taking the values of n2(¢=2)/(k=1)p2 and
a1 P in turn.
632 Finally, note that if /R' is a single vertex in a cycle Cy_1, with k>4, then
633 mp (Cr—1)=mg(Pr), \I/gk_lz\llgk, o*(Cr—1—R')=a*(P,—R), and the same is
o34 true for all other candidates for the minimum in M, that is, paths with a root
635 at one end. Thus, Mg/ ¢, ,=Mg, p, and the upper tail bounds provided by Theo-
I 3.1 are the same for these two rooted graphs.
637
638 Remark 3.6. In the unrooted case, the lower tails are typically much smaller
630 than the upper tails (see Remark 8.3 in [4]), and at best they can be of the same
640 order of magnitude, e.g., when p is fixed. Here, we encounter an opposite situation.
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641 Namely, for every (R, G) with er(G)>0 and a fixed p, by the Fortuin—Kasteleyn—
0642 Ginibre inequality, we have for any t>1

644 P(X§ <tp) 2P(X§ =0) 2 P(er(G(n,p)) =0) =exp(~O(n))

(DZ45 while for t>1 and p; <p<ps, by Corollary 3.2,

46

™ 647 P(XE > tu) =exp(—0(n?)).

m648

0649 Remark 3.7. If there are no isolated vertices in H—R and n>v(H) and
650 m>e(H), then (12) may be improved to

Note, however, that this fails if H contains a vertex all of whose neighbors are among

L
F=. @7 N%nm H)=6(N(n,m, H-R))=6(N(min{n,2m},m, H-R)).

654 the roots; for example if H is a rooted edge and n>m, then Nf(n,m, H)=m and

655 N(n,m,H—R)=n.

656 For the lower bound in (27), take a graph Fy (with V(Fy)NR=2) which
657 achieves the maximum in N(n—r,m/3r, H—R); we may assume that Fy has no
658 isolated vertices, and thus at most 2m/3r vertices. Then join all vertices of R to all
659

vertices of Fy, obtaining a graph F; which contains R, has at most n vertices, at
660 most m/3r+r2m/3r<m edges, and is such that N®(Fy, H)>N(Fy, H—R). Hence,
661 NE(n,m,H)>N(n—r,m/3r, H—R). Finally, provided m>3re(H—R), we use the
662 fact proved in [4] that if n'=0(n), m'=0(m), n,n’ >v(H), and m,m'>e(H), then
663 N(n',m',H)=O(N(n,m, H)) (this follows directly from [4, Theorem 1.3]). The
664 case e(H)<m<3re(H—R) is trivial, since then both sides of (27) are O(1).

665
666
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