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Abstract We study the extremal parameter N (n, m, H) which is the largest number
of copies of a hypergraph H that can be formed of at most n vertices and m edges.
Generalizing previous work of Alon (Isr. J. Math. 38:116-130, 1981), Friedgut and
Kahn (Isr. J. Math. 105:251-256, 1998) and Janson, Oleszkiewicz and the third author
(Isr. J. Math. 142:61-92, 2004), we obtain an asymptotic formula for N (n,m, H)
which is strongly related to the solution o, (H) of a linear programming problem,
called here the fractional g-independence number of H. We observe that o, (H) is a
piecewise linear function of ¢ and determine it explicitly for some ranges of ¢ and
some classes of H. As an application, we derive exponential bounds on the upper tail
of the distribution of the number of copies of H in a random hypergraph.

Keywords Hypergraphs - Fractional independence - Random hypergraphs

1 Introduction

The subject of this paper touches upon three areas of discrete mathematics: extremal
combinatorics, linear programming and probability. A hypergraph is a pair (V, E),
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where V is a finite set of vertices, while E €2V is a family of subsets of V, called
edges. For two hypergraphs F and H, let N(F, H) be the number of isomorphic
copies of H in F, that is,

N(F,H)=|{H C F:H = H}|,

where = represents the isomorphism equivalence relation between hypergraphs. Fur-
thermore, let

N(n,m, H)=max{N(F, H) :vF <n,er <m},

where vr and ef represent the number of vertices and edges of F, respectively. In
other words, N (n, m, H) is the largest number of copies of H that can be constructed
using at most n vertices and m edges. Note that N (n, m, H) = 0 if either n < vy or
m < ey . Therefore, we will be always assuming that n > vy and m > ey . Through-
out the paper we use notation a, = ®(b,) to mean that cb, < a, < Cb,, for some
C>c>0.

Originally, there was an interest in a related problem with no restriction on the
number of vertices. Let N(m, H) = max{N(F, H) : er < m}. Alon (1981) proved
that in the case of graphs, that is, when each edge of H has size 2,

N(m, H) = ©(m*™), (D

where a(H) is the fractional independence number of H (see below for the def-
inition). Typically, in the literature the independence number is denoted by « and
its fractional counterpart by «*. Here we drop the asterisk for the ease of notation.
Later, Friedgut and Kahn (1998) extended Alon’s result (1) to all hypergraphs H
using Shearer’s entropy lemma (Chung et al. 1986).

In the random context, studied in Janson et al. (2004), it was necessary to restrict
also the number of vertices. Following the ideas from Friedgut and Kahn (1998), an
asymptotic formula for N (n, m, H) was obtained in Janson et al. (2004) in the case
when H is a graph. The proof in Janson et al. (2004) extends mutatis mutandis to hy-
pergraphs yielding an asymptotic formula for N (n, m, H), for every hypergraph H.
In order to state this result, we need to introduce a parameter which is central for the
entire paper.

For a real number ¢ > 0 and a hypergraph H, the fractional q-independence num-
ber of H, denoted by o, (H), is the optimum value of the following linear program
LP=LP(q, H).

(LP) Maximize Z X
veV(H)

subject to va <gq, foreveryee E(H),

vee

xy €[0,1], foreveryve V(H).

Note that for graphs, o (H) = 1 (H) is the ordinary fractional independence number.
The name fractional independence number comes from the fact that if we restrict our-
selves to x, € {0, 1}, then for any optimal solution the set of vertices v with x, = 1
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is a maximum size independent set in H. There are several ways (one for each inte-
ger g) to generalize the notion of independence number to hypergraphs. Obviously,
in the fractional relaxation there is no need to restrict ¢ to integers. Now we are ready
to state our result.

Theorem 1.1 For every hypergraph H,
N, m, H) = ©(@n®"™), 2
where q = log, m.

We will see in Sect. 3 that (1) is a special case of Theorem 1.1.

In Janson et al. (2004), Theorem 1.1, combined with an explicit formula for
a4 (H), was just a tool in proving almost tight bounds on the upper tail of the dis-
tribution of the number X g of the copies of a graph H in a random graph G(n, p)
(cf. Theorem 4.1 in Sect. 4). In the hypergraph case, due to its generality, it is not so
easy anymore to apply formula (2) in the random hypergraph context. The problem is
that the parameter a, (H) is not always expressible as an explicit function of g. The
goal of this paper is to initiate a study of the parameter o, (H) and, as application,
obtain more explicit formulae for N (n, m, H), and, consequently, some estimates of
the upper tails of subhypergraph counts in random hypergraphs.

More hypergraph notation and terminology We set ky = maX.cp(m) lel. If |e| =k
for each e € H, we call H k-uniform. For each v € V(H), let dy(v) be the de-
gree of v in H, namely the number of edges in H that contain v. We set Ay =
maxyey(H) du (v). If dy(v) = d for each vertex v € V(H), then we say that H is
d-regular. A hypergraph is called regular if it is d-regular for some d. For a hyper-
graph H, we will use notation vy =v(H) =|V(H)| and ey =e(H) = |E(H)]|.

2 The g-independence number of hypergraphs

In this section we give several facts about the parameter o, (H) which will be useful
in computing explicit formulae for N (n, m, H). The most important feature of o, (H)
is that it is a piecewise linear function of g. Indeed, if «,(H) = b(H) + c(H)q for
some range of ¢, then, by Theorem 1.1, N(n, m, H) = © (n?™) ) in that range,
which is a relatively simple formula. Let iy be the number of isolated vertices in H.

Proposition 2.1 For every hypergraph H ,

(1) ay(H) is a nondecreasing function of q, ig < ay(H) <vy, ap(H) =iy, and
ay(H)=vp forall g > ky,
(ii) oq(H) is a concave function of q,
(iii) ay(H) is a piecewise linear, continuous function of q,
(iv) if H' is a spanning subhypergraph of H then oy (H) < oy (H'),
(v) if H consists of connected components Hy, ..., Hy then ag(H) = ay(Hy) +
<t o (Hy).
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Proof Parts (i) and (v) follow directly from the definition of a, (H). For part (ii),
observe that the average of the optimal solutions of LP(q;, H) and LP(qz, H) is
a feasible solution of LP(%(ql + q2), H) for all q; < ga. To verify part (iii), we
recall Theorem 10.2 from Chvétal (1983) which, in our context, implies that there

exist linear functions fi,..., f; such that oy (H) = min{fi(g) : 1 <i < ¢} for all
q > 0 (this, of course, also implies (ii)). For (iv), notice that every feasible solution
of LP(q, H) is a feasible solution to LP(g, H'). O

Note that property (v) implies, in particular, that o, (H) = oy (Ho) + i, where
Hy is H stripped from its isolated vertices. For simplicity, we will be assuming that
iy = 0. For further references we reformulate parts (ii) and (iii) of Proposition 2.1 in
a more detailed version.

Corollary 2.2 There exists a (unique) finite sequence of real numbers 0 = qo < q1 <
-+ < qy =kp, and a sequence of linear functions of q

(@) =bi +ciq 3)
such that

(i) O=by <---<bgandcy >---c, >0,
(i) foreachi=1,...,¢

ag(H) = f(q) forq €lgi-1.4i].
(i) foralli=1,...,Landall g > 0,
ag(H) < [ (@). @)
We will now determine o, (H) at both ends of the range 0 < g < kp.

Fact 2.3
(i) For all hypergraphs H, and all0 <q <1
oq(H) =ai1(H)q,

that is,q1 > 1,b1 =0, and c; = a1 (H);
(i1) For all k-uniform hypergraphs H and allk — 1 <q <k

ag(H)=kar_1(H) — (k — Dvyg + (vg —ax—1(H))q,

that is, qo—1 <k —1,by =koy_1(H) — (k — 1)vyg and ¢y = vy — ax—1(H).

Proof (i) Let x, v € V(H), be an optimal solution of LP(q, H). Set y, = x,/q
and note that, because no vertex is isolated, 0 < x, < g, and so, 0 < y, < 1. More-
over, ) ., yv < 1 for each e € H. Thus, (y,) is a feasible solution of LP(1, H) with
> vevmy Yv = &q(H)/q. This implies that oy /g < o1 (H). The reverse inequality
follows from the concavity of a,.
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(ii) Let x,, v € V(H), be an optimal solution of LP(q, H). Since g > k — 1, we
have x, > g — (k — 1) for all v € V(H), because otherwise we could increase an x,
to g — (k — 1) without violating any constraints. Therefore, we may write

xp=¢q— (k=1 + (k- q)&,

where 0 < &, < 1. Note that foreache e H, ) . & <k —1,since ), ., x, <q.
Thus, (&,) is a feasible solution of LP(k — 1, H), and x,’s are optimal if and only
if the &,’s are. Therefore

ag(H)= Y xy=@—k—Dg+k-q > &

veV(H) veV(H)
=(q — (k= D)vg + (k — g)ag—1(H). O

Our next task is to derive bounds on the difference «,/(H) — a,;(H) and the quo-
tient oy (H) /oy (H). From now on we assume that H is k-uniform.

Fact2.4 Forall0 <q <q’' <k

) ¢'—q=<ayH)—ay(H)<ai(H)(q'—q), and

!

ay %) a4
oy (H) q

Proof Letqi_1 <q <g;and q;j_1 < ¢’ < g, for some, possibly equal, i and j. Then,
by (4), cj(q' — q) < ay(H) —ay(H) < ci(q¢' — ¢), and, by Corollary 2.2(i) and
Fact 2.3 (both parts), ¢; > ¢, = vy —ax—1(H) > 1 while ¢; < ¢; = a1 (H). To bound
the quotient, note that, again by (4),

aq’(H) < bi +ciq’
O561(f1) ~ bi+ciq

!/
<7
_q O

Next, we prove general bounds on oy (H). First, adding in (LP) all inequalities

together yields
Yoox= Y Y x<enq. )

veV(H) ecE(H) vee
and consequently,
aq(H) <engq. Q)

Moreover, the equality in (6) holds if every edge e € H contains f, > g vertices of
degree 1. Indeed, then

% dg(w)=1,vee,
0 dg(v) =2,

Xy =

is a feasible solution of LP(q, H) with the value of the objective function egq.
More bounds are given in the next result.
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Fact2.5 Forall0<qg <k

%’q < g (H) < ko1 (H) — (k — vy + (v — a1 (H)) g

_ (k—q)ey

< vy
= AH

N

Proof The first inequality follows from Fact 2.4(ii) and Proposition 2.1(1) (ax = vy ).
The second inequality is a consequence of Fact 2.3(ii) combined with (4). The last
inequality is equivalent to

€H

ar—1(H) <vyg — Ay (8)

To prove (8), observe that any optimal solution of LP(k — 1, H) satisfies 1 <
Y vee(l —xy), forevery e € E(H). Thus,

en< Y. > (=x)<Ay Y (1—x)=Ap(n - 1).

ecE(H) vee vev O

Note that in view of Fact 2.3(ii), the (sharper) upper bound in (7) is achieved for
k —1 < g <k. Also, for regular, nonempty k-uniform hypergraphs all bounds in (7)
coincide. Indeed, if H is d-regular, d > 0, then key = dvy, and

_ (k—q)ey _y _(k—CI)UHZUH

v —_— —_—
H Ay H A X q
In fact, the lower bound in (7) is attained for all g by a broader class of hyper-
graphs, including those with perfect matchings.

Fact 2.6 If a k-uniform hypergraph H contains a spanning subhypergraph H' such
that each of the connected components of H' is regular but not an isolated vertex,
then, forall 0 < q <k,

vy
o,(H)=—4q.
q¢(H)=-"q
Proof By Proposition 2.1(iv), we have oy (H) < ag(H "), so, in view of the lower
bound in (7), all we need is that oty (H') = UTH‘] (note that vy = vyr). As we have just
pointed out, this is true for each connected component of H’, and thus, by Proposi-

tion 2.1(v), it is true for H' as well. O

We conclude this section with finding the values of oy (H) for two particular

classes of k-uniform hypergraphs. A loose cycle L;k), where £ — 1 divides ¢, is a
hypergraph with vertices vy, ..., v;—1 and edges
{vr,va, oo vid vk, Vitr, - vkt - {2, Vi3, -5 V0, VI
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Fact 2.7 Let Lfk) be a loose k-uniform cycle of length t. Then

!
O{q( t )_ (k—2)t+ t k—2<g<k
26—D) T 26-D4> =q =K.

Proof We may assume that kK > 3 (for k = 2 the loose cycles become to 2-regular
graphs and are covered by Fact 2.6). The case when 0 < g < k — 2 follows from (6)
because each edge contains precisely k — 2 > g vertices of degree 1. Suppose that
k —2 < g < k. Then, (7) implies

(k —q)t _ (k —2)t t
B 2—1) 2k—1)  2(k— l)q'

oeq(Lt(k)) <t

The converse inequality is derived by taking the feasible solution

1, dg(v) =1,
Xy =
12 dpwy =2 O
Fact2.8 Let K® (11, ..., 1) be the k-uniform, k-partite complete hypergraph with k-

partition V.=V U---UVy, where |V;|=t;andt| > --- > ty. Further,let j =1,...,k
and j — 1 <q < j.Then

ag(KO @, o0y =11+ +1j21— (= Dtj +15q.

Proof Suppose that 0 < j — 1 < g < j <k.Letd; =dg(v) for every v € V;. Then,
d; = ez_,H and dy <dp < --- < di. By (5), we have

veV veV, veVji veV;U---UVg

or, equivalently,

dj Yy xy<enq+(dj—d) Yy x,+dj—da) Y xy+--

veV veVy veVr

+d;—dj-1) Z Xy.

veV;_

Moreover, since x, < 1 and d;t; = ey, we have

dj Y xy <enq+(dj—dn +(dj —d)tr+ -+ (dj —dj_1)tj

veV

=epq+djti+n+---+1;j—1)—( — Den,
which yields,

ag(K© @y, ..o <ti4- 411 —( — Dtj +1,q.
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Fig. 1 The placement of Qg

(q,0q) points, for 1 <g <k —1 £1(q) fo(q)
g T o
ag—1+- - - f - - -
a1

Fig. 2 Hypergraphs H3 5 (a)
and Hy 5 (b)

The converse inequality follows by taking the feasible solution

1, veViU..-uUV;_y,
Xw=19g—j+1, vey;,
0, otherwise. O

In summary, we have found explicit expressions for o, (H) as a linear function
of g for both, 0 < ¢ <1 and k — 1 < g < k. By the concavity, in the remaining range
(1 =g <k —1), the points (g, a; (H)) must lie in the triangle Ty located above the
straight line segment joining the points (1, «;(H)) and (k — 1, ax—1(H)), and, by
Corollary 2.2(iii), below the lines fi(g) and f;(g) (see Fig. 1). This triangle may
have an empty interior, as is the case of hypergraphs satisfying the assumptions of
Fact 2.6 (where € = 1). Otherwise, it can be still traversed by the graph of o, (H)
along the upper boundary, lower boundary or through the interior. Indeed, let H3 » be
the 3-uniform hypergraph in Fig. 2(a). Then

3q, q<3,
ag(H3p) = s ;
gq +2’ qZ§1

and therefore, £ =2, g0 =0, g1 = % and g> = 3, and oy (H32) traverses the upper
boundary of the triangle Ty, , .

As we have seen in Fact 2.8 , the 3-partite complete hypergraph K = K (3,2, 1)
has £ =3, g; =1i,i=0,1,2,3 and thus o, (K) traverses the bottom of Tx. Fi-
nally, for the disjoint union Hz» U K we have £ =4, g0 =0, g1 = 1,92 = 3/2,
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g3 =2 and g4 = 3, which means that the graph of o, (H3 > U K) traverses the in-
terior of Ty, ,uk -

It seems to be interesting to determine, for a fixed k, the largest value of £ = ¢(H),
the number of straight line segments of the function a, (H). Let

t(k) =max{(H),
H

where the maximum is taken over all k-uniform hypergraphs H. We know only
that t(2) = 2 (cf. Fact 2.3 for kK = 2). However, for k > 3 it might be the case that
T (k) = 00. In fact we believe that this is indeed true.

Conjecture 2.9 For k > 3 we have 1 (k) = oo.

The example of H3» U K(S)(3, 2, 1) shows that t(3) > 4. Moreover, it suggests
the right approach to the problem. Namely, in order to obtain a hypergraph H with
large ¢(H), it is sufficient to construct a family of hypergraphs Hy, H, ... with dis-
tinct “break points” of the function oy (H;), i =1,2,..., and then take their vertex-
disjoint union (_J; H;. Recently, Matousek (2008) found two further such hypergraphs
yielding 7(3) > 6.

The construction of H3 > can be easily generalized for arbitrary k > 3 as follows.
For a given k > 3 and 0 < j < k let Hy, ; be the k-uniform hypergraph with the
edge set {e1, ..., exy1} satisfying, for some S C V (Hy, ;) of size k — j, the following
conditions:

(i) ej; Ne;, =S, forany 1 <ij <ip <k,
(i) ex+1 NS =40,
(iii) |e; Nexs1|=1,forany 1 <i <k.

In Fig. 2 there are two examples of graphs Hy ;. It is easy to check that

kq., g<j-1+{,
aq(Hy,j) = . q . !
(k=1 —1)+2g — 3, otherwise.

Let K = K®(k,...,1) be the k-partite complete hypergraph with parts of size
k,...,1. Then one can check that E(Ul;;é Hy, j U K) =2k — 2, implying 7(k) >
2k — 2.

3 Subhypergraph counts in extremal hypergraphs

As we mentioned in the introduction, the proof of Theorem 1.1 goes along the lines of
the proof of its special case for graphs given in Janson et al. (2004), and therefore we
omit it here. However, to give the reader some indication how the parameter o, (H)
becomes involved in the formula for N (n, m, H), we present the proof of the lower
bound, that is, we show that N(n, m, H) > cen® ™ for some ¢ > 0.

Proof of Theorem 1.1—the lower bound Let n, m and H be given, and let g = log, m.
Let x,, v € V, be an optimal solution of LP(q, H), and y, = x, logn. We construct
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a graph F by blowing up each vertex v € V(H) to a set of size n, = [cy exp(yy)],
where cy = v;,lel_il. In other words, V(F) = Uvev(H) Vy, where V,’s are pairwise
disjoint sets, |V,| = ny, and each k-tuple of sets (Vy,, Vy,, ..., Vy,) spans the com-
plete k-uniform, k-partite hypergraph if {vi, va,..., v} € E(H), and it spans the
empty hypergraph otherwise.

Since y, <logn and ), _, v, <logm, for every v € V(H) and e € E(H), we
have v <n and er < m. Moreover,

N(F,H) > 1_[ ny > cp exp(logn Z xv) :chHn"‘q(H).
veV(H) veV(H) U

Note that if Hy denotes H stripped from its isolated vertices and iy = |V (H)\
V (Hp)| then

Nn,m,H) = @(N(n, m, Ho)ni”).

Therefore, we will be assuming that iy = 0, thatis, Hy= H.

Note also that it follows from Theorem 1.1 that the order of magnitude of
N(n,m, H) is not affected by a linear change in n, that is N(|Cn],m, H) =
®(N (n,m, H)). With the help of Fact 2.4(i) one can show that the same is true with
respect to m. This observation will be utilized in the next section.

Corollary 3.1 For all k-uniform hypergraphs H and for every C > 1,
N, [Cm], H)=0O(N(n,m, H)).

Proof Given C > 1, let ¢’ =log(Cm)/logn = q + logC/logn. Then, ¢’ > g, and
consequently, Fact 2.4 yields

n% H) > () a'—a _ o perg ()
and

n (H) < paq(H) o (H)q'—q) _ con(H) aq(H). u

Our knowledge about «,(H) can be used to derive explicit formulae for
N(n,m, H) and N(m, H). First note that, by Theorem 1.1, for all hypergraphs H
and all n%-1 <m <n?,

N(n,m, H) = ©n"m), 9)
where ¢g;, b; and ¢; were defined in (3). In particular, if m < n, then, using Fact 2.3,
N(n,m, H) = ©n* ) = @(m*1 ()
and thus

N(m, H) = N(kym,m, H) = © (m® ), (10)
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which is the result from Friedgut and Kahn (1998). If H is k-uniform, thatis, kg =k,
then at the other end of the range, that is, for nk=1 <m< nk , we have again by
Fact 2.3

N(n,m, H) = @(nkak—l(H)*(k*I)UHmUH*ak—l(H))'

In the special case of graphs we thus recover a result from Janson et al. (2004).
Theorem 3.2 (Janson et al. 2004) For every graph H

O (m*H), ifm<n,

Nn,m,H)=
( ) { @(nza(H)—vavH—a(H)), lfi’l <m< (;)

Turning to specific classes of graphs, by Fact 2.6 we know that if a k-uniform
hypergraph H contains a spanning subhypergraph H’ such that each of the connected

components of H’ is regular but not an isolated vertex, then for m < nk,

N(n,m, H) = ©(m"1/*). (11)

In particular, the above formula remains true for all k-uniform hypergraphs H con-
taining perfect matchings, as well as for all regular k-uniform hypergraphs H, in-
cluding complete hypergraphs.

Moreover, as consequences of Facts 2.7 and 2.8, we know that

t
O(m*T), m <nk=2,

Nm,m, L") = { wed (12)

O M), pk=2 <m <npk,
and, forn/=1 <m <n/,

N(n, m, K®@, ..., tk)) = @(nt1+”'+t/‘]_(j_l)t-/'mt-f).

4 Subhypergraph counts in random hypergraphs

Let G® (n, p), k > 2, denote the random k-uniform hypergraph with n labeled ver-
tices and such that each of the (Z) possible edges exists with probability p, indepen-
dently of all other edges. Let X be the number of isomorphic copies of G contained
in G®(n, p) and g = EX¢. In this section we reserve the letter H to denote sub-
hypergraphs of G.

In the case of graphs the distribution of X has been studied extensively since the
pioneering paper by Erdds and Rényi (1960). A general threshold for {Xs > 0} was
established by Bollobas (1981) at p = n~1/"G  where

mg = max e—H. (13)

HCG vy
Next, it was shown that the lower tail of the distribution of X decays exponentially
in the expectation of the least expected subgraph of G, see (Janson et al. 1990) and
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(Janson 1990). Namely, let Wy = n"# p°# | which is roughly the expected number of
copies of H in G(n, p). Then, for all € € (0, 1], with ¢, > 0 depending on H and ¢,

P(XG < 8)/J,G) < exp( Ce Hggl,lenH>OqJH>.
This is best possible, provided p stays away from 1, as by the FKG inequality,
—logP(Xg =0) < —logP(Xy =0) = O(Wp) for every H C G (see Janson et al.
2000 for details). Finally, in Janson et al. (2004), almost as tight bounds were found
for the upper tail of X, that is, for P(Xg > (1 + ¢)ug).

All these results are easily extendable to k-uniform hypergraphs. Here we focus
on a generalization of the latter one. Let G be a k-uniform hypergraph and for any
integer n and 0 < p < 1, let ¥ = n'G p°G. Let Kr(k) denote the complete k-uniform
hypergraph on r vertices. Finally, let

Mg = Mg (n, p) = max{m < (Z) “VH C G N(n,m, H) < \I/H} (14)

for p > n~% and 1 otherwise. A reason for the special definition in the extreme case

p< nk (when \I"K‘“ = nkp < 1), is to prevent Mg = 0. Since N(n, 1, H) =0 un-
k

less ey < 1, it is easily checked that 1 < Mg < (Z)
Now we can formulate a result, which is a straightforward generalization of The-
orem 1.2 in Janson et al. (2004).

Theorem 4.1 For every k-uniform hypergraph G and for every ¢ > 0 there exist
constants c(e, G) > 0 and C(e, G) > 0 such that for all n > vg and p € (0, 1)

P(X¢ = (1+e)ug) <exp{—c(e, G)Mg(n, p)}, (15)
and, provided (1 + &) < N(K,(,k), G),
P(Xg = (1+e)ug) = exp{—C(e, G)M¢(n, p)log(1/p)}.

We omit the complete proof and present only one part which points to the connec-
tion between the upper tail of X and the extremal parameter N (n, m, H).

Sketch of proof of (15) Note that by Markov’s inequality, for every positive integer m
we have
m

P(X 1 il € A— 1
(X =1 +e)ne) < A+ oyus (16)

In order to turn (16) into an exponential bound, it will be enough to show that
e m
EX} < (1 + 5) . (17)

for some large m. Let G1,G3,...,G be all copies of G in the complete

NK,G)
hypergraph K ,(,k). Moreover, let I, be an indicator random variable corresponding
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to G;. Then,

EX! Z E(lg, - 1c,,)

,,,,,

Z p¢(GiyUUG, ])Zpec e((Gi,U-UG;,_)NGiy,)

i]yeensim—1 im

ZEXg—l ZPEG—E(FﬂGim)’ (18)

Im

where F =G U---UG;

Im—1

Zpec e(FNG; ) _ Z pe(G) + Z pe(; e(FNG;)

i:FNG;=0 i:FNG;#Y

<ug+ Y, Yy, pe

HCG,eg>0 i:FNG;=H

. Furthermore,

<pg+ Z N(F, H)yn'6 ~VH p¢G—¢H (19)
HCG,eg>0

The last inequality follows because there are at most N (F, H) copies of H in F, and
every such copy can be extended to at most n”¢~V# copies of G. Since vy <n and
er < (m — 1)eg, the definition of N (n, m, H) and Corollary 3.1 imply, that

Consequently, (18), (19) and (20) yield that

EX§ <EXg™ (MG + ) OW@m, H))n”G‘”HpeG‘EH)
HCG,eg>0

_ N(n,m, H)
=EX" ug(1 o————=)).
o1 3 o(F))
HCG,eg>0
Hence, by induction on m,
N(n,m, H m—1
Ex’gfu’('}(w 3 ®<7("\y’" )>> .
H
HCG,eyg>0

Now, by the definition of Mg and in view of (the proof of) Corollary 3.1, one can
choose a constant ¢ such that

N(n, [cMg], H) €
HCG,en>0 H
and consequently, (17) holds with m = |[cMg]. U
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To apply Theorem 4.1, we need to estimate M, and for this, in turn, it is crucial
to have a fair estimate of the extremal parameter N (n, m, H) for every graph H C G.
In the case of graphs, Theorem 3.2 allows to completely determine the asymptotic
order of Mg.

Theorem 4.2 (Janson et al. 2004) For every graph G

(1), if p<n~l/mc,
Mg (n, p) = ®(mianG \IIII-I/Q(H))’ l-fnfl/mc <p< n*l/AG’
O(n?pho), ifp=n-1/%6,

Unfortunately, in the case of k-uniform hypergraphs, k£ > 3, we can do it only for
those H and for those ranges of p for which the value of o, (H) has been explicitly
determined as a function of ¢, and, consequently, the asymptotic range of N (n, m, H)
is known (as a function of m and n).

We will first illustrate the technique of estimating M by two examples (regular
k-uniform hypergraphs and loose k-cycles), before turning to the general case. Owing
to Corollary 3.1, in determining the order of magnitude of Mg it is sufficient to find
an m for which N(n,m, H) = O(Wy) forall H € G, and N(n, m, Hy) = ©(Vp,)
for some Hy C G.

Note that if p <n~1/76 and H C G satisfies mg = ey /vy (cf. (13)), then

1 v
— el —en
Wy =n"pt <p’p "7 =p"pn nt =1,

and thus, Mg = O(1).

Proposition 4.3 If G is a d-regular k-uniform hypergraph and p > n=1/"M6 = p=*/4

then Mg (n, p) = @(nkpd).

Proof Setm = n* p? and recall that ¢ = log,, m. Theorem 1.1 together with the upper
bound in (7) yields that, for every H C G,

N(n,m,H) = @(naq(H)) — O(an—(k—Q)EH/AH) — O(HUH—keH/AaneH/AH)

— O(nUH*keH/AHmeH/AH) — O(nUH*keH/AaneH/AHpdeH/AH)
= 0n" p)=0(Vp).
On the other hand, with Hy = G, by (11),
N(n,m, Ho) = ©(m""/") = @(n"H p?’H/*) = @ ("0 p°Ho) = ©(Wpy)). O

Note that for the loose k-cycle G = Lt(k) we have mg = ﬁ

Proposition 4.4 For the loose k-cycle G = Lfk) we have

(), if p<n'k,
Mg, p)=1{00*1p), ifn'*<p<nl
Om p?, ifp=nl.
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Proof Let p < 1/n and set m =n*~!p. Then m <n*=2? and ¢ = log, m <k —2.

Note that for each H € G, by (6), ay(H) = egq. Moreover, mg = k%], that is,
eg/vyg <mg = ﬁ Hence,

N(n,m, H) = Om°) =@ n*DeH peiy = 0 (n'" p°H) = O (Vp),
while
N(n,m,G) =O(mFT) =O(n' pi1) = O(¥g).

For p > 1/n, set m = nkp2 > n*=2, Then, n=*—9) = pz, and so, by Theorem 1.1
and the rightmost upper bound in (7),

N(n,m, H) = ©n®™M) = 0 (n"1=E=Den/Bmy = 0 (n' p>*1/2H) = O (W),

where the last inequality follows from the fact that Ay < 2. On the other hand, with
Hy = G, by (12),

=2t '

N(n,m,H0)=®(n2(k*1>m2(k*1>) =0Wy,). O

For a general k-uniform hypergraph G, by Corollary 2.2 applied simultaneously
to all subhypergraphs H C G, there exists a finite sequence gp < g1 < -+ < ¢, such
that for each i =1, ..., r, each subhypergraph H C G, and for all g;_| < g < g; we
have

ag(H) = fH(q) =bi(H) + ci(H)q,

forsomeb|(H) <---<b,(H)andc;(H) > ---> cr(H).NotethatrSZHQGE(H),

gr—1 <k—1and g, =k. Set also fOH(q) = (Q for convenience. Fori =0,1,...,r—1,
define

€H
S(G) =5, = max —————
ST T HEG v — )
and p; :n_l/si,i:()’__.’r_ 1,and p, = 1.
Theorem 4.5 For all k-uniform hypergraphs G

M , =®<mln —b,‘(H)/Ci(H)\IJI/Ci(H))
G, p) pin.n H

forpi-1<p<pi,i=1,...,r.

Proof Fix G and i, and let m = mingcg p—bi(H)/ci(H) \Illljci(H). Further, let Hy and
Hj be subhypergraphs of G achieving, respectively, the maximum in s; (G) and the
minimum in m. We will first show that n4i-! <m < n% . Indeed,
€H|
m< pn—bi(Ho)/ci (Ho)\l,ll_l/ocz' (Ho) < n(*bi(HO)+UH0*T.O)/Ci(HO) —pdi
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and

°H
— pbi(HD) /i (HD) }Aci(Hl) > pChitHD =5 =) ci(H)

m zn‘b—l’

because, by continuity, fl.H (gi—1) = fﬁ 1(Gi-1).
Hence, by (9) and the definition of m, for all H C G,

N(n,m, H) =0 @" Dm) = 0wp),
while N (n, m, Hi) = ®(Vy,), what was to be proved. [l

Observe that so = mg and s1 = maxpcg #"I(H) Moreover, since g,—1 <k—1,
(8) yields that s,_1 < Ag. Thus, in particular,

e(), if p<n-l/ma,
Mg (n, p) = { ©(mingcg W)/, itn=1/me < p<p=lisi,
O (nfpha), if p>n~1/%6,

It would be nice to find similar explicit formulae for Mg (n, p) in the range
n s < p < n~ 126 This boils down, however, to finding explicit formulae for
N(n, m, G) in the corresponding range n < m < n*=1_ which, in turn, depends on the
more explicit determination of o, (H) forall 1 <g <k — 1.
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