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§APPENDIX A. PROOF OF THEOREM 1.1

Since the proof of Theorem 1.3 is inductive with the base step r = 2, we provide here,

for completeness, a proof of Theorem 1.1 which differs slightly from that given in [11].

Proof of Theorem 1.1. Let M be an ordered matching consisting of edges {a;,b;}, i =
1,2,...,n, with the left ends satisfying a; < --- < a,,. Notice that the right ends of the
edges define a permutation m = (ji1, ja, . . ., ) accordingly to the order b;, < bj, < --- < b,

By the original Erd6s-Szekeres theorem this permutation contains either a decreasing
subsequence of length s + 1 or an increasing subsequence of length p = w/ + 1. In the
former case we are done, since any such decreasing subsequence corresponds to a stack. In
the latter case we get a sub-matching L with p edges whose right ends come in the same
order as the left ends. We call L a landscape (see Fig. A.1). Notice that no pair of edges

in a landscape may form a nesting.

A & @A B |\ Ol EVE
FIGURE A.1. A landscape with five edges.

Let us order the edges of L ase; < ey < -+ < ep, accordingly to the linear order of their
left ends. Decompose L into edge-disjoint waves, Wy, W, ..., Wy, in the following greedy
way. For the first wave W7, pick e; and all edges whose left ends are between the two ends
of e1, say, Wi = {e1 < ey < ... <e;}, for some 4, > 1. Clearly, W is a genuine wave since
there are no lines (and no nestings) in ;. Also notice that the edges e; and ei,+1 form an

alignment, since otherwise the latter edge would be included in Wj.
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Now, we may remove the wave W, from L and repeat this step for L — W, to get the
next wave Wy = {€;,41 < €j,42 < ... < e;,}, for some iy > i, + 1. We iterate this procedure
until there are no edges of L left. Let the last wave be Wy, = {e;,_,+1 <e;,_,40<... < B b

with ¢ > 74—, + 1. Clearly, the sequence e; < ¢;, 41 < ... <e;,_,+1 of the leftmost edges of

the waves W;, 1 = 1,... k, forms a line (see Figure A.2).

®
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F1GURE A.2. Greedy decomposition of a landscape into waves. The left-

most edges of the waves, forming a line, are bold.

Ifk>

must have at least

> ( + 1, then we are done. Otherwise, £ < £, and, since p = fw + 1, some wave W,

fw+1
3
edges. This completes the proof. O
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