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Abstract: In this paper, we study certain density theorems of the zeros of the symmetric square
L-functions (attached to a holomorphic cuspform defined over the full modular group) to the
right of the critical line. We also obtain an analogous density theorem of Halasz and Turan for
the zeros of the symmetric square L-functions.
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1. Introduction

A remarkable result of Selberg (see [58]) says that a positive proportion of zeros of
the Riemann zeta-function are on the critical line. Similar results were obtained
by Hafner in the case of L-functions attached to cusp forms which are Hecke
eigenforms (see [12]). Another important problem is studying the growth of the
L-functions under consideration. In this connection, in a celebrated paper [28],
Iwaniec and Sarnak proved certain growth estimates for eigenfunctions of certain
convexity arguments. This raises the question of proving non-trivial (breaking the
usual convexity bounds) growth estimates for general L-functions. Of course, this
is closely related to the problem Lindelof hypothesis. Also we should point out
here other important works by Iwaniec, Duke, Friedlander and Iwaniec (see [27],
[9], and [10]) which establish how one can break the convexity bounds in different
aspects namely @ and r for certain automorphic L-functions of certain degree.
For an excellent exposition of these results and about further comments we refer
to [57]. Sometimes the question of studying the difference between consecutive
zeros on the critical line were considered by various mathematicians (for exam-
ple see [1], [5], (30], [31] and [54]). In [61], Shimura proved that the completed
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symmetric square L-functions can be continued analytically as an entire function
on the whole complex plane by establishing the functional equation.In the recent
times establishing the analytic continuation and the functional equation for various
symmetric power L-functions is of much interest (see [60]).

We always mean s = o+it, z = z+iy. Let f(z) = Yo a,,62™"* be a holomorphic
cusp form of even integral weight k defined over the full modular group SL(2,Z).
We assume that a,, are eigen - values of all the Hecke operators and a; = 1. Let

ap and Bp be the complex numbers satisfying the equation

1—app 495172 = (1—cpp™®) (1= Bep™?) . (1.1)
The Hecke L-function attached to f is defined as

o0

L(s,f)=Y aun™* (1.2)

n=1

which is absolutely convergent in a certain half-plane and is continuable analyti-

cally as an entire function on the whole plane. For an arbitrary primitive Dirichlet

PR TN TR T T SR | T TSI R IV te dafred aa
cnaracter y, tne syminetric square L~ Iunction attached to jis defined as

D(s, f,9) =: D(s)
(1 —p(p)alp™)(1 — $(P)B2p*)(1 — p(@)p* %))

= Z apzn °. (1.3)

n=1

According to the notation in [61], throughout this paper we assume that x (a Dirich-
let character modulo M) is the trivial character with M =1 and ¢ (an arbitrary
primitive Dirichlet character with conductor r) is also the trivial character with
r = 1. Now, D(s) converges absolutely in R®s > k. Here the critical strip is
k —1 < 0 < k and the critical line is 0 = & — 1/2. In fact,

where a*, are multiplicative and we also note that from Deligne’s work (see (7]
and [8]), they satisfy the inequality

la%z| < d(nF)nF1.

From our definition (1.3), it follows that

—. — 2k—-2 %
b, =1 a,2 = E ! ay.»

Pm=n
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and by, are multiplicative. It is not difficult to see that (for j > 5)

7
b <PEDYak 1) Y 1< pE DG4 1R = gD (7))

2b+a=j

since there is utmost one solution b to the equation 2b+ a = 5 for every fixed a.
For 0 € 7 <€ 4, easy computation shows that the above inequality holds. This
implies that (in our notation)

| < (d(n))*n* ", (14)

In fact using the fundamental lemma 3.1 of this paper combined with lemma 3.2
of {32], it is not difficult to establish a reasonable zero - free region. It should me
mentioned here that the mean values of derivatives of modular L-series had been
studied earlier by Ram Murty and Kumar Murty in [50].

In recent times, the properties of Rankin-Selberg zeta-functions have been studied
extensively by many authors (for example see [24], [25] and [34]). After normalizing
the coefficients, the Rankin-Selberg zeta-function is defined as

Z(s) = ((2s) z aZni=k=s = Z c,n”® (say) (1.5)
n=1 n=1

which is absolutely convergent in the half plane o > 1, and it can be continued as
a meromorphic function to the whole complex plane with a simple pole at s = 1.
It satisfies a nice functional equation (see [24]). For example, in [24], Ivic studied
mean-value theorems for Z(s) for a certain range of o and from his result it follows

that
[T 2

/ iZ(%—H’t)i dt <« T**¢ (1.6)
0

for every € > 0. In [34], Matsumoto proved a refined upper bound for the mean-
square of the absolute value of Z(c + it) (replacing T° into (log T)®) whenever
% L£ao< % and an asymptotic formula with certain error term whenever % <oxl
(see theorem 2 of [34]).

In part-I with the same title (see [55]), we improved the mean-square upper bound
for Rankin-Selberg zeta-functions on any fixed line when % Lo« % and improved
the exponent of the error term in the asymptotic formula when % <o gl

In this paper we consider the following fundamental question related to the sym-
metric square L-functions.

Can we prove certain ‘Density Theorems’ for the zeros of D(s) 7

After Shimura’s work (see [61]), the answers to the above important fundamental
question do form the core part for further progress if any.

Let N*(0,T) denote the number of zeros o = 3 + iy of D(s) with 8 > ¢
and |y| < T. From lemma (3.3), it is clear that N*(0,T) <« TlogT provided
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k—1/2<0 <k=1/2+1/(logT). For the Riemann zeta-function ((s), we know
for example the familiar result of Ingham, namely

N(o,T) < T (1og T)°,

in the case of L- functions an averaging result of Bombieri (see [2]) which states
that when T < Q,

Z Z*NX(J> T) <K TQ%%Z) (10g Q)lo ‘

9sQ X

It is also known that
N(o,T) < T#C=) (log T)'*.

We also refer to [16] for sharp density results for the zeros of ¢ (s) in certain range
of o. The following result is due to Montgomery (see [36]) which we state as

Theorem A. For T > 2, let

M(T) = S0 |¢(e +it)] .
a;%

Then for % < 0 < 1, we have

8(1—o)(30—2)
N(o,T) < {M(5T) (1ogT)6}““"“éz"” (log ) .

We prove some density theorems for D(s) and discuss their further implica-
tions. In proving theorems 1.3 and 1.5, the central idea is to study how frequent
certain Dirichlet polynomial heing large. This main idea was developed and used
first by Montgomery and later by many mathematicians (see [16], [17], {20], [26]
and [29]). In this paper, we prove

Theorem 1.1. For ¢ > k — % + @, we have

5(k—o)
ATE /

N7 (a, T) & T@EF1-20) (iog T)C .

It is not hard to prove the following general theorem.

Theorem 1.2. Assume the following conditions.

1. G(s) has meromorphic continuation to the whole complex plane except
for a simple pole at s = 1.

2. G(s) and (G(s))™! have the Dirichlet series representation namely

[ e]

G(s) = ann™® ; (G(s)7' = Z b~

n=1
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in 0 > 1 with the conditions a1 = by = 1, a,, and b,, are multiplicative and
A
max (|an|, [bn]) < (logn)

for some fixed positive constant A.
3. For t 2 10, we have

G(1/2 +it) < t€ (log 1)<

If Ng(o,T,2T) denotes the number of zeros p = B+ iy of G(s) with 8 > o(>
) T <v<2T, then

Ng(o,T, 2T) < T?A+200-9) (14 T)¢

Remark Theorem 1.2 is hetter than the theorem 1.1 whenever C < . Because,
for k — — < o € k, the inequality

Theorem 1.3. (Halasz - Turan Type). Let € be an arbitrarily small positive
constant and 6 be any sufficiently small positive constant but a fixed one. If
Dk-1/2+it) < t5° and (3 +it) < t%° for all t > to then

N* (k - i +51/2,T> < T°¢

where C is a positive constant independent of the parameters &, ¢ and k.
It is not hard to prove the following general theorem.

Theorem 1.4. Assume the following conditions.

1. G(s) has meromorphic continuation to the whole complex plane exc

QIO pPaIC COf 1 L0 L wi 12100

for a simple pole at s = 1.
2. G(s) and (G(s))~! have the Dirichlet series representation namely

(o0}
N
n=1
in o > 1 with the conditions

Z [an)® < 2(logz)? Z bn|? < z(log z)B

ngz ns
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3.

1. 1
G(§+zt)<<t‘§2 ; ((§+zt)<<t62

for sufficiently small (but fixed) positive constant é. Then we have
Ng G + 62 T, 2T> <« TC.

Theorem 1.5. Let

1 1
My =M =,2T) = max = 41t
(= oty (327 = e +in
and ) .
My = M, (k——,ZT) = max |D(k- = +it)|.
2 T<t<2T 2
Then for k — ;} < o £ k, we have
\ e

4
)m

. 4 9 1 61 931 2o—-2x+1 5
N*(o,T) < (Mz (Mf (log T) (log T) ) (log T)°.
Acknowledgement. The author is highly thankful to the referee for making
some useful comments.

2. Notation and preliminaries

The letters C and A (with or without suffixes) denote effective positive constants
unless it is specified. It need not be the same at every occurrence. Throughout
dlin vt wrra acativa TS TV b T o L Voven mmaidiers mimad IRy wrrsdo
LIIC pPapcl wC adsouillc 14 =~ i WICIC g D 4 1aligC PUSiLive LulldLalll. YWC wWIiiLe
f(z) < g(z) to mean [f(x)] < Cig(z) (sometimes we denote this by the O
notation also). Let s = o0 +it, and w = u + iv. The implied constants are all
effective. In any fixed strip a < ¢ £ b, as t — 00, we have

[(o + it) = t7HiE—1/2e=—m/2=3t4Gn/2)(0=1/2) o (1 + O (1/1)). (2.1)
Let
R(s) = 0 52 b, 22)
Then D(s) satisfies the functional equation (see [61])
R(s)=R(2k -1 - s) (2.3)
Also we note that if
Ri(s) = w“ﬁiﬁr(il';—ﬂ)q(s ~k+1) (2.4)
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then {(s — k + 1) satisfies the functional equation
Ri(s) = R1(2k — 1 — s). (2.5)
Therefore if Dy(s) = ((s—k+1)D(s), then D, (s) satisfies the functional equation
R(s)Ry(s) = R(2k —1 - s)R1(2k — 1 — s5) (2.6)

and we notice that R(s)Ri(s) extends D;(s) as a meromorphic function to the
whole plane except for a simple pole at s = k. We define

E(s)=—(s—k)2k —1—s5—k)R(s)Ry(s). (2.7)
Note that .
£(s) = €2k — 1 —s). (2.8)
We write
D(s) = x(s)D(2k — 1 — s5) (2.9)
where ST NEL k—st1
a5, D(ZEint (2ot (kg
x(s)=m"2 13 T 2 (ﬁ_l\z S (2.10)
QAT AT
From (2.1) and (2.10), it follows that, for a <o < b, we have as £t — oo,
(X(5)) = Calk, )9 ()3 (14 0 (1/1)) (2.11)

where Cs is a certain constant depends only on k and o. We notice that for
o>k,

I P g

ps p2s p3

since

k—1
aptBp=ap ; opfp=p .

Now we define a multiplicative function u*(n) in the following way.

1 ifn=1,
—(a3 —p*1) ifn=p,
W) = § (PP +pR (a2 - 2p5)) i m=p, (2.13)
_p3k—3 ifn :p37
0 if n = p® for any integer a > 4

and hence clearly

™ (n)] < (d(n))*n*? (2.14)
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and for o > k,
1 > w*(n)
D(s) 2. s (2.15)
n=1
Also we define p* in the following way. We note that
! =TI L @ -pt) PP (e - 25 3
L ]

El—p;l} | (2.16)

and therefore define

(1 ifn=1,
—azz, ifn=p,
. 2pk—1(a2_pk—1)) ifn:pz,
#im) = —sz“ch;% if n = pd, 217)
dk—4 ir 4
D iIrn= P,
L0 if n = p® for any integer @ > 5
and hence ciearly
i ()] < (d(n))*n* (2.18)
and for o >k,
1 >\
C(s —k + 1)D(s) — nf
From maximum-modulus principle and the functional equation, one has
D(o + it) < |3+~ log ¢ (2.20)

uniformly for k — 1 <o <k, |t| > 10.

B 3 N H

3. Some lemmas

Lemma 3.1. (A Fundamental Identity) We have

N s Sl k1)
g(s) —.éain —m‘ﬁ(s)

where »
\I’(S) — H (1 + 2pk—1As _ aipfs +p2k7272s) )
r
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Proof. See for example lemma 3.1 of [55]. For the sake of completeness, we
reproduce the proof here.

We note that a,, is multiplicative and satisfy the following equations

— k—1
Ap> = Aplpr-1 — P Apr~2 (3.1)

(<]
*
=

pk_lapx—a = —Qpr-1 + Qplpr-2. (3.2)

Therefore we can write first

2

g&)=[q1+aip™ +akp >+ e (3.3)
r 7=3

From these two equations (3.1) and (3.2), we observe that (3.1)2—p*~1(3.2)2
gives the relation

o 2 _k—11_2 L k—1p 2 k—1y 2 3(k—~1),2  _ 24
wf,x —{ap =P lagaoy + 97 {al - p* 7} -2 =P ey =0 (34)
Now, we write
o 2 00 (02 _ o k—1\,2  _  k~1..2 _  k—1).2 3(k—1),2
Z a’_pJ _ Z (a’p p )apJ—l P (a’p p )apJ +p a
§ p’S
=3 J=3
=<} a2 00 a2
_ 2 k—1y, —s pI k—1/.2  k—1y,~2s P
=(a —p* M) ZP—J; — P (0] — 9" )p Zp—;
(2
L 3(k=1)=3s | N\ “pd
TF

=)

. / o0 ,.2_\
_ {(ag — g _pk——l—23(az —pt Y +p3(k-—1)—3s} (Z L;)

)

)p—as + (a;a: _pk—l)pk—i—Zs. (35)

~ L 1
-1 -1

—(ap—p" ) —aglag —p

We also find that

1+ agp-s + aﬁzp-—Zs _ (0,12, _pk—l)p—s
—az(ag —pt)p 4 (ag — pEl)phm1m2s g 4 phols

Let
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and
_ {(azz, _ g 1)pe _pk—l—za(azz7 _pk1) +p3(k—1)—33} .
From (3.4), (3.5) and the above arguments, we observe that
X=XY +1+p 17" (3.6)

with the above notion for X and Y. Therefore we obtain
/

S’

o9 =TI
A\1- (a2 — p*—1)p=s + pk=1-28 (g2 — pk—1) — p3(k-1)-3s

kls k 2 2(k 2 -
“H{lJr T (L2080 —alp™ 4?7 8)}

C(s—k+1)
=== 3.7
t@s—2k12) ) 37)
where .
U(s) = H (1 + 2pFims af,p_‘Er +p2(k—1)_28) . (3.8)
» .
This proves the lemma. n

Lemma 3.2. (Montgomery-Vaughan) If h,, is an infinite sequence of complex
numbers such that 3 >  nlh,|? is convergent, then

2

T+H | o0 . oo
/ D hanT dt =" |haf? (H + O (n)).
T n=1 n=1
Proof. See for example lemma 3.3 of [39] or [46]. m

Lemma 3.3. If N*(o,T,T + 1) denotes the number of zeros g = § + iy of D(s)
with 8 20, T <y <T+1, then
N'(k-1,T,T+1) < Ky logT.
Proof. We define D
s
F1 (S) = ———( s)—s
(- 2)

where sg = k + 17 + € and p in the product runs over the zeros of D(s) with
k—1<B<kand T << T+ 1. We note that

|F1(s0)! = |D(s0)]

n=2
o1 N (d(n))PnF1
= L; nk+c
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where C is a certain positive constant. This implies that

C < |Fi(s0)|
< Joax |Fi(s)]
[ D(s)|
< IS—I?(][glg 9gN*
TC
< SN+
and hence we obtain the lemma.. n

Lemma 3.4. Let D(s) >, “;—(s"l —1= 3 &=, then
ngX n>X

lenl < (d(n))*°n*1.
Proof. Since a,z and p* are multiplicative functions, from the definition, ¢, is

a multiplicative function. Therefore it is enough to prove the lemma on prime
powers. From (2.14), we notice that (with b, = an2)

lepm| = [bap* (0™) + bpp™ (™) -+ byt (1))

<pmt D3 (@ (@) (@)

j=0

3

< pmkD) J+1) (m—j+1)°

uMs

m) 6 m(k 1)

which proves the lemma. n

4, Proof of the theorems

Proof of Theorem 1.1. It is enough to prove the theorem for T' <t € 2T. We
divide the rectangle bounded by the lines with real parts ¢,1 and the imaginary
parts T', 2T into abutting smaller rectangles of width 1. We count the number of
these smaller rectangles of width 1 which contain at least- one zero and multiply
by logT to get a bound for N(o,T,2T). Define the function

B =D6) Y L0 1= Dedtr(s) -1= 3 2 sy @)

ngT nz2T



100  A. Sankaranarayanan

Let ,
G(s) = Fy(s)Y* 2e(s~0) (4.2)

Now, select a set of zeros in each of the rectangles which contain a zero and consider
the integral

I [ G(s) o
= = 4.3
e / - st the multiplicity of the zero p (4.3)

R

(by Cauchy’s residue theorem) where the integral being taken over the rectangle
R defined by p+z+1y, k— 1 < B+ <k, lv +y| < (logT)2. If Y is chosen
to satisfy logY < logT, then the contributions from the horizontal sides of this
rectangle R is O(T71%). Let us denote the vertical sides of R by Vi and V; so
that we have

1=0 |logT /]Fz(s)ldt Y 3P ogT /!Fg(s)ldt VA
Vi

Va

=0 (logT (1 + J/ ]Fz(s)]dt)

Vi
Y S A
+logT \T“” +/ |F2(s)|dt} Y”“’) ; (4.4)
Va
We choose Y such that
YR/2-8 11 4 / |Fo(s)ldt | = Y*—B [ 710 ¢ / |Fa(s)lat | . (4.5)
Vi Va2
Let
Ji(e) = (1 + /IFz(S)Idt\ (4.6)
J
\ & /
and
/ \
J2(0) = (T“m +/|F2(s)|dt) ) (4.7)
Va
Note that ) .
S 1 T
=\7) 279670 YS<7
Y (Jz) T-10 ; 7C ‘ T—10

so that the condition on Y is satisfied. Hence we have

J
1<2ClogT (—J—l

2(k~B)
> Jy = 2C log TJXK=P) j20+1-2k (4.8)
2
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We notice that

2T ) * 2
. u*(n)
/T |Mp(k —1/2+1/log T + it)[*dt = > nz(kll/mllog,r) (T +0(n))

ngT
n 8 2k 2
<3 U (o

n<T

< T(logT)°. (4.9)

From (i) of theorem 4.1 of [55], we have

2T
/ [D(k — 1/2 4+ 1/1log T + it)[* dt < T%/*(log T)C.
T .

Therefore using Holder’s inequality, we find that

S 2(k = 1/2+1/log T + it)| dt <« T5/*(log T)® (4.10)

and using lemma 3.2 (Montgomery - Vaughan Theorem), we have

2T g |CI !2
/T B3k + 1/(log T) + it) dt ;W (T + 0 (n))
nz
(d(n))™ d@n)> n))3°
«<ry el v Gl

n2T n € n>2T n’

< (logT)¢, (4.11)

since ¢}, < d(n)**n*~! (from lemma 3.4). From (4.10) and (4.11) (using convexity
arguments), it follows that

S50 <TH00ET 5 Y hoR <(ogT)®  (412)
and so
T5/%(log T)C log T)¢
orn > Wil < 8 ez wl < By

Now we fix W; = W2T5/* Hence the total contribution from the ahove exception
is

(log T)C {ﬂf + 12 } . (4.14)
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From (4.4), for the remaining zeros, we have

3/4 € 2C’(logT)W12("—ﬂ)W22ﬂ+1—2k
— 20 (log T)W2F~ W2 Rl 20 +1-2kyyAA—0)

(ke B W2 2(B—o)
= 2C(log T)W;*~ 7 wo+1-2k (Wl)
2(k—0) g 20+1-2k 1 6=
_ —o o4+1-
5/ 2(8—0)
Let us suppose that W > 1/T°/* and so (W) < 1. Therefore we get,

3/4 < 2C (log YWk~ )yy2o+1-2k
2(k—0)
=2C(logT) (W22T5/4) 7 W2o+1-2k

= 2C (log T)T%/ k=) py2k-20+1 (4.16)
We choose
Ws = (L) R (417)

Clearly W, > T~5/4. For this choice of W2, (4.16) implies that 3/4 < 1/2 which
is absurd and this means that we should count only those zeros in (4.13). Hence
we get,

log T)¢ 5(k=a)
N*(O', T, 2T) < (gT2) &« T7*=7741 (lOgT)C (418)
2
which proves the theorem.
Proof of theorem 1.2. From the assumption 2 of the theorem it follows
immediately that
\):: lan]® < z(logz)?4 ; Z ibn? < z(logz)4. (4.19)
ngr ngr
We define -
bn Cx{(n)
fx(8)=G(s) ) S —1=) ———. (4.20)
n<X n=1

We observe that
Cx(1)=0 ; Cx(n)=0 for n< X ; and |Cx(n)| < d(n)(logn)®**. (4.21)
Therefore we have,

> ICx (n)]? < z(log z)*A+3 (4.22)

ngx
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and c c
3 M'lf)—"(zﬂ < z(logz)*AT3. (4.23)
mence (M) 2 (log(T)
Now we follow the proof of theorem 9.18 in [62] and obtain the estimates
T 9 T
/ Ufx(l+ 6 +it)2dt < (= + 1)(§) @A+ (4.24)
0 P2
and
T 1 2 ,
/0 Sx(g tit)) dt < T2C (T + X) (log(T + 2))%¢" (log X)**17. (4.25)

Using convexity theorem and choosing X = CT, é = (log(T + X))™!, we obtain

T
/ |fx(o + it)|2 dt < (T + X)T4C(1—0)X1—2¢7 (log(T + X))IZ(A+1)+2C
T

Z

< T(4C+2)(1—¢7) (log T)lZ(A-}—l)-f—ZC" ]

This proves the theorem.
Proof of theorem 1.3. Let o = g+ v, T

We define (as before)

?

F(sy=D(s) Y “n—(") —1=D(s)Mps(s)—1= Y _ %"— say. (4.26)

ngT$ n>T?
We notice that
cn =0 for n < T%|en] < (d(n))*n* 1. (4.27)
Now, from Mellin’s tranform we have
1
DT / F(s + w)X"T(w)dw. (4.28)
n>T6 X2 bllbmw;k+1

We note that the truncated integral with (Rw = k +'1, Ju| > (logT)?) gives an
error o(1). Now, we move the line of integration of the remaining portion to the
line Rw = —1/4. By doing so, the residue contribution coming from the simple
pole at w = 0 is F(s). We fix throughout this proof X = T2%. Therefore we
obtain, (for 0 2> k—1/4,T <t < 2T)

Z %e"§ + Z 2—:6_% + 0(1)

T‘gnST“‘ n>T216
1 [ w
me

Rw=-1/4,

[v|<(log T)?
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Notice that (for ¢ 2 k —1/4)

Y Zera Y e?

n2 X (log X)? n2X(log X)?
e—ilX
< 1-e VX
&« Xe'®
=0(l) as X - o0 {4.30)
since j > [X(log X)?]. Also we have
1 TvsTJ/2+v52
T / F(s + w)X"T'(w)dw < ~xia = o(1) {(4.31)
Rw=-1/4,

[vI<(log T)?

since € is arbitrarily small positive constant and 6 is any small fixed positive
constant. Therefore we get

Fs)= 3 Ze % 1o(1). (4.32)
T6<n<T216 n
Let
Zie)= Y, e (4.33)
T‘SénSTz” n

Since p is a zero of D(s), F(¢) = —1 and hence,

1Z1(e) + o(1)l = |F(e)| = 1 = |Z1(0)} > 1/2. (4.34)
Let .
Zy(s) = =, (4.35)
Téggq‘zw n
where
ba| = |cne™ X | < (d(n))¥n 1. (4.36)

1Zi@ =" Y % > 1/2. (4.37)

U |Ugn<2U

Note that j <« logT. Divide the width [T, 2T] into abutting sub-intervals of width
(logT)? leaving a bit at the top. Call these smaller intervals as Iy, I, - -. Let

.A - U Igj..] (438)

j=1|2)"'
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and
B= |J b; (4.39)
7=1,2,
Let N; and N; be the number of zeros in the sets A and B r espe ectively. We

first fix any smaller interval I;,_1 € A. The total number of zeros in this smaller
interval Iz5,_1 is < (logT)3. For every g € Iy;,—1 and for every o' € Iy;_1 (with
J # Jjo ), we have clearly
lo—¢'| > (log T)*.
Let
A*={o€c A : lo—0| 2 (logT)? for o, ¢’ € A}

Let N{ be the number of well spaced zeros ¢ € A. This implies that
Ny < (logT)® N?.

Define

|
b
2.

n
Ugn<2U

( |
IU) = {QEA* :

is maximum} .

Now, A* is the disjoint union of I(U). (i.e) |J I(U) = A*. Also we have a

U
surjective map from the set {I(U)} to the set {U} with I(U) is the inverse image
of U. Similarly the same phenomena is true for B*.

Since for every g € I(U), we have the sum is maximum, we

o
<

Ugn<2U

obtain that for every p € I(U),

b 1
— 4.40
‘_ _ne 2logT ( )
IUQH(JU l
Therefore ) .
N* (k - i + 62T, ZT) <« (logT)* {N} + N3} .
We notice that (for U < n < 2U)
_n 61/2 -1
€W —e b =e P (e -1)> = =C (4.41)
and
o~ @ —my N 1
eTW —e V) L e W = < 2U. 4.42
2 PR (a2
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We first treat the set .A*. From (4.40) we have

2logT\Z 2 me D, ban

U o€I(U) Ugn<2U

<Y Y

Ugn<2U PEA*

< C—lU—l+k—1+£ Z Z 'ZL:[ (e_ib . e_ﬁ)
n

U<n<2U |ge A

1/2

< C—lU—l+k—1+e Z (6 H _ e~ 2
Ugn<2U
1/2
"721 7722 — ¥ — %
Z Z néi1+ez— 2[ ( W —e U)
ULn<2U g1,02€ A"
L DU HHE-ltets s ‘ (4.43)

where 7,, and 7,, are complex numbers of absolute value 1 whenever g1, g2 € A*;
0 otherwise and

NeuT S —B
L= Z Z ngliggezﬂ ( W—e U)

Ugn<2U p1,02€A*
=Lp=p, + Lel#ez' (444)

Lo=al < ) > nﬂ1+ﬂ2 —mm (€ —e7P)

Ugsn<2U @1= 92,

01,02€A"
xpr1—261/2
< CNJU (4.45)
since By + B2 — 21 > 26Y/2. For g, # o2, we observe that

1 ’
Lotal € 3 |55 J/ Cler + 62 — 21 + wT(W)(2* — 1)U%dw|. (4.46)
e1F#02, l Rw=1+¢
01,02€A

We notice that the contribution to the above integral from the portion Rw =
1+e€ |v| > (logT)? is Ul+¢e=CUoeT)* in absolute value. Therefore we get,

1
Q1 =: Z Tt / ¢lo1 + 02 — 28 + w)I{w)(2¥ — 1)U%dw

91#‘_’2;* Rw=1+e¢,
el Jul>(10g )" l

& N2 Ul+eo—CogT)? (4.47)
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Note that the zeros are well-spaced. We move the line of integration to R(o1+ 62—
2l +w) = 1/2 in the remaining portion of the integral and notice that horizontal
portions contribute a quantity which is <« N}2T% Ul+ee=C0ogT)® in ahsolute

value, since by our assumption {(1/2 + it) < 5. Now, on the vertical line, we
find that

1
Qs = Z 27 / Cler + 62 — 2l + w)(w)(2¥ = 1)U ¥ dw
aez, Ruw=1/2+21—-R(01+62),
o1,:2€A ful<(logT)?
< N{‘2T52U1/2+2l_ﬁ1-ﬁ2
< J\G.a,lms"-U1/2—25‘/2 (4.48)

since 31,8z > |+ 6'/2. Therefore from (4.45), (4.47) and (4.48) we find that

N ~ltk—3+ xpr1—26'/2 %2120 2762 71 /2-281/2\ /2
oo < CUT {mu + NF2T-20 4 Ne278 1/ } .
(4.49)
We now fix I = k — 1/4 and notice that
T%Q-U—l-}—k—l/2+e+1/4-51/2N* < Ti;Ué N* N; -
L™ pl—kt1/4481/2°71 2(log T)?

since T? < U < T2 € is any arbitrarily small positive constant and § is any
small but fixed positive constant. Also we notice that

N;2T—1o < N{‘2T‘52U1/2_25m.

Therefore we get
N{sl/2 < C(lOgT)U1/4—51/2+E

and hence

Nt « TC*
where the implied constant depends on §,k, ¢ but C is independent of these pa-
rameters. Similar estimate holds for N3 . This proves the theorem.

Proof of theorem 1.4. Similar to the proof of the theorem 1.3

Proof of theorem 1.5. Since the proof of this theorem resembles the proof of the
theorem 1.3 up to some extent, we only skectch the proof here: Let ¢ = B+iv, T <
vY< 2T with B> 0 > k—1/4. Let X and Y are two parameters which satisfy
X(log X)? <Y < TA. We define (as before)

F(s) = D(s) Z #—*n(Tnl —1=D(s)Mx(s) - 1= Z % say. (4.50)
ng<X n>X
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We notice that
en =0 for n < X;len| € (d(n))*0n*~1. (4.51)

Now, from Mellin’s tranform (after truncating the integral at (Rw =k + 1, |v| >
(log T')?) which gives an error o(1)) by moving the line of integration of the remain-
ing portion to the line R(s+w) = k— %, we find that (for 0 > k- 1T <t<2T)

DTN SR T g
X<n<Y (logY)? n>Y (logY)?
1
=5 / F(s + w)Y"T'(w)dw + F(s). (4.52)
o)
%w:k—é——a,
l<(log T)*
Notice that (for 0 > k — 1/4)
3 ZeP=ol) as Y o0 (4.53)
n2Y (log Y)? n
since j > [Y(logY)?]. We note that
1 d 30,,k—1
|Mx(k - > +ar)| < S @)™ 2X ¥ (log X)2”. (4.54)
2 nk_%
n<X
Therefore we have
1
Qs =: 5= / Fo +w)Y"T'(w)dw
Rw:k‘i—%—,@,

[v|<og T)?

max
T—(log T)?<r<T+(log T)?

<2 Yyo-:-D)
1 N | s 030
Malk — —5-, 21').K5(logz()‘
55
<4 yo—G-D (4.55)
We choose Y such that
Mok =3 2T) X3 (log XP* 1 56
yo—(k— 1) 10 (4.56)
Let c
Z(e)= Y, Ze¥. (4.57)

X<ngY (log )2
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Since ¢ is a zero of D(s), F(0) = —1. Therefore from (4.52), (4.53), (4.54), (4.56)
and (4.57), we get

1
Z2(e) + o(1)| > |F(e)| = 15 = |22(e)| > 1/6. (4.58)
Let ;
Za(s) = > =, (4.59)
Xng<Y (logY)?2
where
bl = [enc™ %] < (d(m))®n* 7, (4.60)

Let U be a parameter with X < U < Y(logY)?. With U =2/X for j =1,2,---
(note that j < logY'), we have Now,

Za()l =D D %% > 1/6. (4.61)

U |Ugn<2U

As in the proof of the theorem 1.3, we obtain

Ay = LJ Ij (4.62)
j=1721"'
and
Bl = U IZj- (463)
7=1,2,
1={e€ A : lo—0| > (logT)* for o,¢' € A1} .
We define

|
n
> o

n
Ugn<aU

(
IU) = ig €A

is maximum} .

Now,A;" is the disjoint union of I{U). (ie) {J I(U) = A;*. Also we have a
U

surjective map from the set {I(U)} to the set {U} with I(U) is the inverse image

L e e e LA LR .
of U. Similarly the same phenomena is true for B;*. Clearly

N*(0,T,2T) <« N11 + N1z < (log T)* {N}, + N}5}, (4.64)
where N7, and Ny, be the number of zeros in the sets A} and B respectively.
Since for every o € I(U), the sum U(E % is maximum, we obtain, for every
e € I(U), | \"<|2U

> b L (4.65)
U<neay ne 20logY
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We notice that (for U < n € 2U)

oo
eW—eT>C; Y (eF -y (4.66)
We first treat the set A}. From (4.65) we have

201;;;1/ Z 2 M D b

0€U geI(U) Ugn<2U

<X it 30 2

Ugn<2U eEA}
1 2\ %
2
2, —2l e
< Z (b [*n E Z ne—l
Ugn<2U USn<2U |ec A}
/ \ o/ | E \ ?
<ot 3 wee) | 35 gl o)
Ugn<2U Ugn<2U o€ AL
2 3
< C—l/ZU—Hk‘%(logU)zso Z Z nze (e73 — e ¥)
Ugn<2U g€ A}
< C—1/2U—l+k—%(log U)260L% (467)

where 7,, and 7,, are complex numbers of absolute value 1 whenever g1, 02 € A?;
0 otherwise and

L= { by ——ni.lr__le—z_“ (e — e_%/‘\\
P nQ],-t-gg—Jt AY J
U<n<2U 01,02 €A}
- LQL =g2 + Lel#ez (4~68)

iLQI eal < Z Z ﬂ1+ﬂ2—2l (e_ib - e_ﬁ)

Ugn<2U e1=e2,
e1,02€ A}

<« CNAU (4.69)

since 31 + B2 — 21 > 0. For p; # 02, we observe that

—~—
e
-
(=]

g

17 e2,
01,02€A7
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We notice that the contribution to ghe above integral from the portion Rw =
14¢€ | > (logT)? is Ultee=CU€T)" in absolute value. Therefore we get,

1

'2—7}7 / C(Q] + 62— 21+ w)F(w)(Z‘” — I)U‘"dw

2

7 Q‘,#g"‘:. Rw=1+e,
WAL | > (105 T)? I

< N;12U1+ee—0(1ogT)2_ (4.71)

Note that the zeros are well-spaced. We move the line of integration to (g1 + g2 —
2l + w) = 1/2 in the remaining portion of the integral and notice that horizontal
portions contribute a quantity which is <« N}, 2TY6U1+ee—C0eT) in ahsolute
value, since ¢(1/2 + it) < t'/%. Now, on the vertical line, we find that

Z 1

e17#ez, .
€1,02€A]

5 (o1 + 02 — 21+ w)I'(w)(2¥ — 1)U%dw
Ruw=1/2+2-R(er+ @),

Lyl € (lae TY2
] YIR\VYs 4 |

1
<Ni M (5, 2)U/ 2+ 2P pn

<N M (5, AT U 412)
since (1,82 > L. Therefore from (4.69), (4.71) and (4.72) we find that

*
NG < OV~ (105 U)?"
20logY

1/2
X { NLU + N3 2T ¢ N;le](%, 2T)Ul/2} . (4.73)
We take | = o and notice that
N 21710 ¢ N{lel(%, 2T)UY/2,
Now we choose X such that

g0 1
- 20logY’

1/2
2Cc~1/? (Ml(%, 2T> X4 (log X) (4.74)
This implies that

Ni —1/2p7k— 1/2
A Y S g aN*
20AlogT e 1
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and hence we obtain

N3y < U= (1og T)? « Y29 (log T)2. (4.75)
From our choice of X and Y (see (4.74) and (4.56)), we find that

Similar estimate holds for N},. Hence the theorem follows.

Remark. [t is easy to see that theorem 1.5 is better than theorem 1.1 whenever o
is nearer to k. If Nz{(o,T') denotes the number of zeros ¢ = #+ iy of the Rankin-
Selberg zeta function Z(s) with 8 > ¢ and |y| < T, then (after normalizing the
result of theorem 1.5), from lemma 3.1 (we have Z(s) = {(s)D(s + k — 1)) and
theorem A, we find that (for o > 3)

‘2(1-0o

Nz(o,T) < (M3(M{ (logT)*") =5 (log T*" ) © (logT)* (4.77)
Bo—5
whenever My > M;*~° and
8(l—0)(30—2)
Nz(0,T) € (Mi(log T)®) @=9G=T (log T)! (4.78)
6o—58

whenever M; < M;"~>. However it should be mentioned here again that all we
know only about M; and M, are M; € T#s+e and My < T logT.

Most of the theorems in this paper automatically hold in the case of Rankin-
Setberg zeta-functions because of the relation from lemma 3.1. It would be much
more interesting to avoid the condition ¢ (% + i) K ¢** in the theorems 1.3 and
1.4, but we do not know how to do it. The general theorem 1.4 may be compared
with the general theorem 2 of [13]. To prove theorem 2 of [13], Turan’s power
sum method (precisely the second main theorem of Turan’s Power sum method)
plays an important role. However we have avoided this in our proof with slightly
modifying the assumptions on G(s).
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