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ESSENTIAL NORMS OF TOEPLITZ OPERATORS ON BERGMAN-
HARDY SPACES ON THE UNIT DISK

Abstract: For a Borel measure p on [0, IL with 1 € supp(y) we consider the Toeplitz operators
Ty with f € L®(u® A) on the space H4(x) consisting of all holomorphic on I functions in

following estimations hold: dist(Ts, K{H?(u))) 2 |f(to)| if f is continuous at point ¢o € T, and
dist(Ty, K(H?(w))) = sup{|f(z)| : z € D} if f is a bounded harmonic function on D.
Keywords: Toeplitz operators, Bergman spaces

the Lebegue class L?(u ® A) on D. We show that for every Bergman-Hardy space HQ(,u) the

The Bergman-Hardy spaces on the disk are generalization of the weighted Berg-
man spaces on the disk. Informally we can say that a weighted Bergman space
on the disk is generated by the measure which in polar coordinates has the form

(1 — T2>“;r‘d;r x A for some o > —1. where dr and X tha T abhoaon

" a a .
i, waere allG A ard ine Leoesgue measures

D
-

on [0.1] and T, respectively. A Bergman-Hardy space HP(u) on the disk is
generated by the measure of the form g x A in polar coordinates, where p is an
arbitrary positive finite Borel measure on [0, 1] which do not vanish near 1. We
do not have explicit formula for the Bergman kernel as well as for a reproducing
kernel for all Bergman-Hardy spaces H?(u), and we can not apply the Berezin
transform techniques (see [9], [8]) for these spaces. Our approach is more directly,
we apply sequences of functions in H?(u) which are closely related to the Cauchy
and Poisson kernels in . We show that the classical results (see [1], [9]) for
Bergman and weighted Bergman spaces on the disk concerning essential norms of
Toeplitz operators Ty, when f has a point of continuity on the boundary or f is
harmonie, hold for every Bergman-Hardy space H?(u).

The paper is divided into two sections. The terminology and basic facts
are explained in the first. We gather in this section basic properties of Bergman-

Hardy spaces HP(u) for 0 < p < co. In the second section we estimate the
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essential norms of Toeplitz operators Ty if f has a point of continuity on the
boundary T or is harmonic.

1. Preliminaries

We start by explaining basic notation used in this paper. As usual, ID will stand for

the open unit disk and T for the unit circle in the complex plain C. The Lebesgue

measures on [0,1] and T will be denoted by dr and A, respectively. Throughout

the paper p will be a positive Borel measure on [0,1] with 1 supp(u) (the

support of pu is the smallest closed set C' C [0,1] such that pu(C) = u([0, 1])). By
w 1

19 A we will denote the Borel measure on D given by p® AA) = ux A\(®HA))
where @ : [0,1] x T — D is given by @((r.t)) = rt. The norm of an element
f € L>(p@ A) will be denoted by ||f|[sc. The space of all continuous linear
operators on a given Hilbert spacc H taking values in H equipped with the
operator norm will be denoted by £(H) and its subspace consisting of all compact
operators by K(H). The essential norm of an operator T € L(H) is its distance
t rators

ct IS,

O comipact ope
dist(T, K(H)) = inf{|T — §|| : S € K(H)).

For a positive finite Borel measure g on [0,1] with 1 € supp(p) and 0 <
p < 20, we denote by HP(u) the space of all holemorphic functions f : D — C
such that

1) defined above. There are many classical examples of spaces of holomorphic
functions on D that are Bergman-Hardy spaces. For example: HP(§;) is the
classical Hardy space HP(D) of holomorphic functions on I (61 is the Dirac
measure on [0.1] concentrated at 1), the space HP(rdr) is the classical Bergman
space of holomorphic functions on D, the space HP((a+1)(1—r*)*rdr) for some
& > —1 is the classical weighted Bergman space of holomorphic functions on 1.
The definition above seems to be artificial, but it generates spaces consisting of
holomorphic functions on I which are closed subspaces of LP(p® A) with a dense
subset of polynomials. In order to check these facts we will need

equipped with the norm (when 1 < p < oc) and quasi-norm (when 0 < p <

Proposition 1. Let p be a positive finite Borel measure on [0,1] such that 1 €
pp(pt) and 0 <p < oc. Forevery f € H?(u) and z € D

( 1 \l/pll b ifu(f1hy =0
7 (2)] < \(1—{zf)u([(l-f_@)/g_l])/ Nfl if w({1})
((1—|zﬁu([1})) indl if u({1}) > 0
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Proof. Applying the fact that |f|P is a subharmonic function we get

R? — |2)? R+|

|f(2)]P < TR P

F(ROP () < ZHIE / FROP dA(E)

for every |z| < R < 1. Therefore, if u({1}) =

FEr < N AL EOrE
T TR F AT s e VOOPO it
41 f|IP
< IR .
(1 = 12Dudl(1 + |2))/2,1])
If u({1}) > 0,
alsir
fFEP < —
(1= lzDu{1})
|
From the proposition follows that the topology of H P(11) is stronger th n the
topology of uniform convergence on compact subsets of . Then spaces HP ()

are Banach for 1 < p < co and p-Banach for 0 < p < 1. If u({1}) = 0, then
HP(12) is a closed subspace of LP(p @ A). If p({1}) > 0, then HP(y) wmudes
with H?(D), moreover the norms || - ||gs(,) and || - Il rp(p) are equivalent. For
every f from the Hardy class H? (D)

sup /|frt|pd/\ /If(tl”d)\

0<r<l

where f* is the radial limit function of f. If u({1}) > 0, we w1ll identify f €
HP(u) with the function f on D given by f|D = f and flr = f*. Then the norm
(p-norm) in HP(;1) can be evaluate applying the following formula

L
P

171l = / fPdpea)’

1 HP(z) is a closed subspace of LP(u ® A) also if u({1}) > 6. The space
LP(pn ® A) is separable for every 0 < p < o0, it is a _straightforward consequence
of the Lusin theorem and the fact that the space C(D) of all complex continuous
functions on D is separable. Therefore the space HP(u) is separable for every
p. For every t € T and f € HP(u), ||f|| = ||fifl where fi(z) = f(zt). By
standard arguments concerning properties of translations (see [3], [7]) polynomials
are dense in HP?(u) for every p. Furthermore, the closed unit ball B of
HP(p) is compact in the topology of uniform convergence on compact subsets of
D. Consequently, the weak topology and the topology of uniform convergence on
compact subsets of D coincides on Bpp(yy for every 1 < p < oc.
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2. The main results
The space H?(u) is a closed subspace of the Hilbert space L?(1® ). Let P be

the orthogonal projection of L?(u® A) onto H?(u). For every f € L>(p® ) the
Toeplitz operator Ty : H?(u) — H?(1) is given by

Ty(h) = P(fh).
Since P is orthogonal, for every g, h € H2(p)

{g. Ts(h)) = (P*(g), fh) = (g, fh).

In the sequel we will also need the following elementary

Fact 2. Forevery mr 26 >0and R>r >0

/5 dt S, (R+7’t (é))
_s [R—reit]2 T Rz _2MC8 R—Tg\Zu'

Now we are ready to state our main result.

neorem 3. Lel y be a positive finjite Borel measure on [0.1] such that 1 €
supp(u). If f € L™®(u® M) is continuous at point ty € T, then

dist(Ty, K(H?())) > 1/ (to)].

Proof. We can assume that ¢, = 1 and f(1) > 0. Let us take any ¢ > 0.
Since f is continuous at 1, there exists an open neighborhood U of 1 such that
|f(rt) — f(1)] < & for every rt € U. Hence, there exists § € (0.1) such that
re" € U for every t €[—6.6] and 7 € [1 —4.1]. Let

Then
1 2n 1 2n
5 T T

il " = ——dA(t) d = ———du(r).
ool = [ | i MOt = | s i)

Since 7 < 1 and (1+4/n)? —r2 > 20/nfor 0<r<1,
I
HA Y,
26

1)

HgnHQ n

On the other hand.

2n
2 T
lgnli* = =

1([ro, 1]).

A
3

MM AIAI L AR T e mme e e

AN ATOMNC 1 A L
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It follows that {g,./|lgn]|) is a null sequence in the topology of uniform convergence
on compact subsets of . Consequently, it converges to zero in the weak topology
of H?(u). Let us introduce the following numbers

1 6 2n
1
Gnt = / = / T ,..r dtdu('r‘)
J1—sp 2m J_s |14 6/n — reit|?
2 1 7,2n +(5/n—}—r 5
= —-—arctg a5l 5 du(r),
T I1=8/1 (1+5//n)2 ( TU/M—”!"' <2>) ( )
and 5 . )
5n,1=—arctg( 1+o/mnt1-9/ tq(—\\
T \1+d/n—-(1-6/1)°\2/)
Then
|/ gn o [ g0 \\|

\Mgall” f\ngn )/

> () = e)ans = [ fllc(llgnll® = an))
fgnll
Qn,l
=M +1flles—¢ )|| "”2 1 loc-
n
Applying the fact that functions 7 — 72" /({1 + §/n)? — %) and 7 — arctg((1 +
d/n+r)/(1+6/n— r)tg(5/2) are increasing on [0, 1] we get
gl = Lr f+ +1Mrﬂ|( )2 dt du(r)
g = gn(re’
" 2 jl 5/lj /1 5/!/5<|t|<7r / j_w " a
ot r 72 (1 = o) du(r) + (1—(5/1) ,u(O 1])
" Sisep (L4 8/n)? — 2 (145/n)2 — (1—5/1 2)
aTl
Oénl'f‘(l—ﬁnl) L
run,l
2
=500, 1) s
(L 0/m)2 = (L= 8/D2) [, ) 127 B a /(1 +6/n)2 — r2) du(r)
< Gn (H(l—é/l\”"” plo.1h
S A\ NI=d2) u(t-s/2)) )

Hence for every [ € N
(2/m)arctg{((2+ 8/n = 6/1)/)(8/n + 6/D)tg(6/2))
((1 -5/1)/(1 = 8/20)" ([0, 1])/ ([ — 6/21,1])

Qn |
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Since the sequence (Qn/llgnll) is weakly null in H?(u),

[ 9n 0 Far avert AOTT TS o
1111 .l \ 1ul CVUI‘)’ LUlllyaL/
MM

T
‘ f(ngnn)

Hence

dist(Ts, K(H? () > lim sup

> lim bup

| / gn gn \ |
(i)
<|I9n|| llgnll
o)

> (1) + 11 = 2) zare( 52185 ) ) =1
s 2
Since the estimation above holds for every | € N,
dist(Ty, K(H? (1)) > (1) —
To finish the proof is enough to note that € > 0 we took arbitrarily. |

In the sequel we will need the following well known
Fact 4. For every T € L(H?(u))

dist(T, K(H?(g))) = sup{limsup | T(hn)|| : (hn) C Bpz(, is weakly nuil}

where P, is the orthogonal projection of H?(u1) onto the linear span of e;. . ... en
2/

for some orthonormal Schauder basis (ey) in H*(u).

Proof. Since

IT =T o Pl = [T o (1d = Py o (Id = Pans)[| < [T = T o Pu
the sequence (|| — T o Pn||) is decreasing. The inequality dist(7,K(H?(u))) <
lim, |T'—T o P,]| is clear. If (hn) C By (1) is a weakly null sequence in Hz(ru)
then

lim sup [T (ha) | = limsup (T — K)(hn)]| < |T ~ K|
n n

for every K € K(H?*(p)). Hence
sup{limsup | T(hn)|| : (hn) C Bpz(,) is weakly null} < dist(T.K(H?(p))).

Let us select h,, € P71 ({0}) 0 By2(,y = (Id — Pp)(By2(,) such that
1
(T =T o P)(ha)| 2 |T =To Py = =

Then (hy) is a weakly null sequence in H?{y) and

limsup ||T(hy,)]| = limsup {[(T — T o Pp,)(h,)|| = im ||T — T o B,j.
n n n

Straightforward consequence of the theorem and the fact above is the fol-
lowing




Essential norms of Toeplitz operators on Bergman-Hardy spaces on the unit disk 217

Corollary 5. Let p be a positive finite Borel measure on [0,1] such that 1 €
supp(p). If f € L>™(u @ A) is continuous at each point of T, then

dist(Ty. K(H? (1)) = sup (1)}

Proof. In view of Theorein 3

dist(Ty, K(H? (1)) 2 sup /(1))

On the other hand, for every ¢ > 0 there exists R € (0,1) such that sup{|f(z)| :

z € D\ RD} < e+sup{|f(t)] : t € T}. Let (h,) C Byz(, be a weakly null
sequence. Since (hy) converges uniformly to zero on RD, for every (g,) C Bz

limsup |(gn. f hn)] glimsup(/ |fhn gnldp & A

o™
\v i

+(8+Suplf(t)|)/D\RDIhngnldu®/\>

teT

< e +sup|f(H)]
teT

Hence

dist(Ty. K(H? (1)) < sup | f(t)!.
teT

|
The corollary show that every bounded Borel function f on I with compact
support in I) generates the compact Toeplitz operator Ty in each Bergman-Hardy

space H?(u). The next result generalizes the following well known fact for Toeplitz
operators on the Hardy space H? on T: for every f € L>(\)

dist(Ty. K(H?)) = || fll -

Recall that for f € L1()) its Poisson integral P(f):ID — C is given by

Bz = [ LD

o Jrlt—zf?

F(t) dA(t).

Every bounded harmonic function F' on D is the Poisson integral of its radial limit
function F*, ie. F =P(F*), and sup{|F(z)|: z € D} = supess{|F"(t)| : t € T}
(see [2]).

Theorem 6. Let p be a positive Borel measure on [0,1] such that 1 € supp(y).
If f € L>()), then

dist (Te( 1y« K(H (1)) = || f | -
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Proof. Since |P(f)| < [[fll 1 ® A-ae. on D, dist(Te5). KIH2 (1)) < || flls -
Then we only have to show the inequality in the other direction. Since P(f) is a
bounded and harmonic function on I, the limit

lim1 P(f)(rt) = P(f)* exists for A-a.e. t € T.

This limit exists for every Lebesgue point of f (see [2]). Let us take any || f|l. >
¢ >0 and any point t, for which the limit above exists and PO (o)l > 1 fllx <.
We can assume that P(f)*(y) > 0. Then there exists § > 0 such that P(f)(rto)—
P(f)*(to)| < e for every r € [(1 - 8)3 1). Let

ZTL

mlz) =17 5/n~ 20y’

Then

2n
7

sl » rzn 1
ilgnll2=/0 /T T3/ il dA(t) du(r) =/O mdu(ﬂ.

We know from the proof of Theorem 3 that (9n/llgnll) is a weakly null sequence
in H2(y). Let

1 7,2”

1 7,2n
O‘” :/I_E/T [T+ 8/m) = i PO dulr) :/1_5 T3 5/ny 2 00)

Then

|/ Jn . On N
om0 Tt )/

1 7 1-5 px . |

- W‘lgn”?i/f‘& /[_'ﬂ_ +/: /_ﬂ_ (P(f) ,97112)(7’61{) dtdu(?“)

L ran 1™ (1448/n)2 =2 . |
e U/l_a (1+5/n)2—r2§/ﬁﬂ |(1+5/n)—rtt5|ﬂp(f)(m ) dt d“(”)l

\Y

— i Flls<(llgall® ~ o >)

\Y
s
=
— /—"\

= () (10) + 1 e = )72 — [ .

lgn
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Furthermore
) 1 1 g 1-6 ™ ) 5
llgn |l = —/ / + / gn(ret)|? dt du(r
= A B A )
o (=80 1) tn
~ n N
(14 6/n)2 — (1 -46)2) fll,(;/z r2n /(14 8/n)2 — r2) du(r)

T

’ ;o s\ 2n JrO N
1—0 .u’(lUs ‘lJ)
g%(1+ (1—5/2) M([1—5/2,1D)

1

Hence

J—

diSt(Tf7IC(H2(ﬂ))) > limsupHTf< g",, \ “ P limnsup!< Hi:” .TP(f>(..gn..>>}

To finish the proof is enough to note that ¢ > 0 we took arbitrarily. ]

W. Lusky [4] showed that a similar fact holds for the angular extension f of

dist (T, K(H* (1)) = || |-

where f(n‘) = f(t) for every r €{0,1) and t € T.
For a bounded holomorphic function f on D the multiplication operator
My H?(u) — H?(u) is given by

Me(g) = fg=Ts(g).

Multiplication operators on H?(u) form a subclass of Toeplitz operators. Straight-
forward consequence of the theorem above is the following

Corollary 7. Let u be a positive finite Borel measure on [0.1] such that 1 €
supp(p). If f is a bounded holomorphic function on D, then

dist(My. K(H? () = sup |£(2)].
zeD
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