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ON SOME RESULTS CONNECTED WITH ARTIN CONJECTURE
KAZIMIERZ WIERTELAK

Abstract: In the present paper we derive an upper bond for the number of primes p, for which
a is a primitive root mod p.
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1. Introduction
Let a be a rational integer and let
A = A(a) = {p | p is a prime number and a is a primitive root mod p}.

In 1927 Artin conjectured that A(a) is infinite, provided that a is neither —1 nor
a perfect square. More precisely, denoting by N,(z) the number of primes p < z
for which a € A, he conjectured that

xT

No(@) ~ (o) (3= 00),
IUS L
where c(a) is a positive constant. This conjecture has been proved by C. Hooley
(2] under the assumption that the Riemann hypothesis holds for fields of the type
Q(¥a, ¥/1). He proved, that
N . T 0 [ zloglogz\ ( (L.1)
z) =c(a —_— T — 00 .
a@) = ¢l )logm k log® z ) )

and also determined the value of the constant c(a).
Vinogradow in (3], proved unconditionaly, that

Na(z) < c(a)

log z log® z

+o( z (1oglogx)2) , (1.2)

where the constant in O depends on a.
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In the following o denotes an integer, @ # —1 or is not a perfect square, H
denotes the largest integer with the property that a is a perfect H-th power, p
and g denotes prime numbers, and M = [] p.

pla
In the present paper we prove the following theorem:

Theorem. If z > exp M, then

z T log2 loglogx
N, < —+O|H 1.3
al@) < C(a)logcz; + ( logz loglogz ’ (13)

where the constant in O is numerical and c(a) is the same constant as in the
estimates (1.1) and (1.2).

2. Let us fix the following notation.
Set

B(l,a) = {p | p= 1(mod 1) and o' = 1{mod p)} ,

where [ is a positive integer,

Agn = (] (B(l,a)-Blg,a) (1<€<m),

£<¢<n
M(z,l,a) = Z 1

p<x

pEB(l,a)
N(=z&m)= Y, 1

Note that (see [1]) A C A(£
No(z) < N(z,§m) (1<€<n).
In particular, we see that
No(z) = N(z,1,z) < N(=, 1,£) (2.1)

for1<€<Lz.
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3. The proof of the theorem will rest on the following lemmas:

Lemma 3.1. If £ > 1 and

S(¢)={l|l=1orl=qq>...gr,g; distinet primes, ¢; <& (1<j<r)},
then for = > 2 we have the equality
N(z,1,{)= > n()M(z,la). (3.1)

les(g)

Proof. With the notation of section 2, we have:

N@1L0d= > 1- > 1= ul) ) 1=

plw p<z les(¢) p<z
PEB(1,a) pE U B(g,a) pEB(l,a)
1<q<§
= Y p)M(z,1,0). |
tes(e)

Lemma 3.2. Let a = aja2, a; square - free, | square free,

) = {2 if2a; |l and a; = 1(mod 1)

1 otherwise,

and let (H,l) be the greatest common divisor of H,l (H is determinet in sec-
tion 1).

Suppose further that t > 1, 0 < o <1, ¢ > 0 is a sufficiently small
numerical constant and ¢z > 0 Is an arbitrary numerical constant.

If
2
log*
Bmye® < ( o )
(FM)™ < exp ca+1/) logtlogz )’

AY 7

then

Mz 1 a) - EOULD
‘,,_\ bl 7

7r('r\‘ < Q(H7l)\/A_4 il
z,l,a IR

c3 11)-1{(1 — 1) (logz)? (3.2)

+ cazexp(—(1, Tea + 1,2)\/6_110g1_Ta :rlog%_t logz) .

Proof. The lemma follows from Lemma (5.5) and Corollary (5.1) of [4] and from
the following identities:

M(z,2m+1,—a) = M(z,2m + 1,a)
M(z,2m, —a) =
= 2M(z,4m, a®) + M(z,2m, a®) — M(z,4m, a*) — M(z,2m, a) . [ ]
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4. Proof of Theorem. From Lemma 3.2 for t =1, a =1, ¢; = 1 and from
(3.1) for £ = log log =, we have

> (4.1)
HvVMz 1 e)
o X ) o b
From [2] (equality 29) we get
= (H 1) _ ela

Note that I < ¢ for all I € S(£), hence we have

Z \/;l 0] ( Z \/Mloglogl) = O(VM2*log2¢) = O (Iog% :c) (4.3)

€S5(¢) \leS(6) /

and

1 log log{
—— =0 =
Z 1o(1) ; I2

!
_0 (log2§ Zloglozgl) —0 ((logloglogm)2> -
£ £~ llog”l _ loglogz
\ >¢ 1S N
From (4.1), (4.2), (4.3) and (4.4), we get
T z (logloglogz)?
N =
(2,1,) = cla) logz T © (Hlogz loglog =
and Theorem follows from inequality (2.1). [ |
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