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ON SOME EXTENSIONS OF BERNSTEIN’S INEQUALITY
FOR TRIGONOMETRIC POLYNOMIALS

K. RuNnovskl & H.-J. SCHMEISSER

Abstract: We give an approach to treating inequalities of Bernstein type for trigonometric
polynomials. Some necessary and sufficient conditions of their validity are established.

1. Introduction

In the present paper we study some inequalities for trigonometric polynomials of d
variables in L, with 0 < p £ +00 . Some of these inequalities like Bernstein’s in-
equality for derivatives of trigonometric polynomials 7;, of order at most 7 (see,
for instance, [4], pp. 97-98, 104-109)

|Tallp < 7l Tall,, n€No, 0<p<+o0 (1.1)
or its counterpart for the Riesz derivative (see [3], p. 427)
1T, < ¢(p) - allTallp, n€No, 1<p< to0 (12)

are well-known. Some of them like inequalities containing the fractional Laplacian
seem to be new.

\')\'fe hovc uyr\r];aA Out an unt

on methods of Fourier analysis. For 0 < p < 1 and p = +o00 we are able to
give necessary and sufficient conditions providing the validity of a wide class of
multipliers in the Ly-spaces. This enables us to give complete solutions of some
problems. As a rule, the spaces L, with 1 < p < +co have better properties
and they are more convenient to studying in difference to the cases 0 <p <1

and p = +oo. However, this is not the case if inequalities of multiplier type are
considered. We mention, for example, the problem of Bochner-Riesz multipliers
that does not have a complete solution for 1 < p < +00 (see, for references,
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[12], p. 388-394). The results of the present paper give another confirmation of
this remark.

The paper is organized as follows. In section 2 we describe the general pro-
blem and give some examples. In section 3 we prove some general assertions and,
in particular, the criteria for 0 <p <1, p= +00 mentioned above. Section 4 is
devoted to the study of the behaviour at infinity of the Fourier transform of some
functions. In section 5 we deal with applications.

Henceforth, we will use the following notations: |||, 0 <p < +o0 , is the
p-norm (the quasi-norm, if 0 < p < 1) on the d-dimensional torus T¢, d € N;

Ty=a1y1 + ...+ 2aye; |zlg=(zI+... + mg)l/q; |z| = |=z|2;

D.={z€R*: |z|<r}; Dr={zeR?: |z <r);

T is the space of all complex or real valued trigonometric polynomials; 7, =
span {ei* : |k| < A}.

2. General probiem and its special cases

Let u(€) be a complex valued function defined on R?. It generates a family of
operators {Ax}x>1 given by

At(z)= > p (;) ke, |tz)= > ae*eT]| . (2.1)

keZd kezZd

Clearly, A) maps 7 into itself. We will say that {Ax},>1 is of multiplier
type and is generated by p , so that Ay = Ax(p). We deal with the inequality

Mx(p)tlly < cldipip) fitl,, teTh, A1, (¥)

where {A4,(g)} is generated by . Inequality (%) is said to be valid
(0,+0o0], if it is valid in the p-norm for all t €7, and for all A > 1 with some
positive constant c(d; p; ) that does not depend on t and A.

The main problem connected with the inequality (%) is to find its re
validity © = B(d; u), that is, a set of points p € (0, +00], such that p € @ if
and only if the inequality is valid for p.

We give some examples,

LLet d=1,7>0, p(€) = (i€)" = ¢ exp (5T - sgn), that is Ax(u) =
AT . DY, where DY = é—l is the Weil derivative. Then (x) is a Bernstein
type inequality which has been intensively studied by many authors. In the case

vy€N, 1<p< +co it was obtained with the best possible constant 1 by S.B.
an{'l’l]rin [11}. The case v C N N mnecl was oongidarad hoe P Oawald B A

uSALLhaL | 4 2aT LG ] = Ny V NPy N1 Woo LULIoIWUICY vy L Nvowadly, h.nn.

Storozhenko [13] and others. The sharp constant 1 was obtained by V.V. Arestov
(1]. The Bernstein inequality for non-natural v and 1 < p < 400 is an immediate
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consequence of the Marcinkiewicz multiplier theorem (see, for instance, [15], pp.
178-179). Its validity for p = 1, +o00 is mentioned in [3], p. 427. The general case
¥>0, y¢N, 0<p<1 can be found in [12] and [2].

2. The Bernstein inequality is a special case of the inequality of type ()
with

) =e1-& +ex-&, e1,e2€C; ef+e3#£0, (22)

51:{[)’ 620 g’yz{lgl’,r €>0
- g, €<0 * ST 0, £<0

and <y > 0. If, for example, €1 = g3 = €™ = (—1)#, v =28 > 0, the operator
Ax(p ) can be naturally denoted by A~22.(D?)# . It coincides (up to the multiplier
(—1)#) with the Riesz derivative of order 28 ([3], p. 427). Since (D?)B £ D2,
the corresponding inequality is not of Bernstein type. However, as it will be shown
in section 5, the range of validity of inequality (*) generated by (2.2) does not
depend on £; and e€3.

where

3. In the multivariate case the situation is different. It will be proved in
section 5 that the inequality of type (%)

a7t
37l Scldimm) - Atlp, teT, Azl (2.3)
3:1 j
p
d 1Ty
with p(§) = 2:1 |€;]7 exp -—2—sgn§j ,¥ > 0, that is one of the possible exten-
j=
sions of the Bernstein type inequality to the case of several variables, is valid for
v €N if and only if % < p £ +00, that is, the answer does not depend on the
dimensi

el e — v ey AN
||E||p , L2y, A2l (4.4)

with p(8) = (=1)# . |¢|*A, B > 0, (that is also an extens1on of type (2.2) with
g1 =¢€2 = (=1)? ) is valid for ﬁéN if and only if d+2ﬁ <p<+oo.

Analyzing the inequalities described above, we can observe that they are
generated by homogeneous functions. Further studying of such type inequalities is
one of our main aims. We will amplify a series of appropriate examples in section 5.
On the other hand, all the material of sections 3 and 4 is applicable to inequalities
of type () without any supplementary restrictions. One of possible applications
to inequalities generated by non-homogeneous functions will be given at the end
of the paper.
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3. General assertions

By C? we denote the class of complex valued C®-functions with a compact
support contained in D;. We use the symbol RZ,, where 0 <a <b+ 00, to
denote the class of real valued non-negative radial C°°-functions that are equal
to1on D, and 0 outside of Dy. By R? we denote the sum of all Rﬁ,b.

As usual, the Fourier transform of a function f(£) in L:(R?) is given by

f(@) = (2n)42 / F(E)eeds |
Rd

—
W

In this section we study the inequality of type (*), where {Ax(u)}a>1
generated by the function u(£) which is defined everywhere on R¢. By ©
O(d; i) C (0,4+00] we denote the range of validity of inequality ().

First we treat a trivial case.

rao ere aviat senliencas {1 Jan 1 - aatiafuing
FAVAS ) LCLT CAlLou DU\.iuCll\.fUD 1!\431321 [ 1'bsIs=1 A N DG:ULDLJ’AIJS
. s - . ks
lks| <ng, s€N; lim —=zp€ D;; lim {p|—]||=+c0
8— 400 Ng s—»+oo| \’n,s/ I
Then 2 N .
. et .
i Wm0y ] R
N
and (x) is not valid. n
The following theorem gives the necessary condition for the validity of (x).
We put

Ll’ 2<p< 400 .

D, 0<pgL2
p:

Theorem 3.1. Let p() be integrable in the Riemannian sense on D-. If
inequality (x) is valid for some p € (0,+o00] , then py(z) € Lz(RY) for any
¥ e Ce.
Proof. Let first 0 < p <2 . We consider the sequence of functions {F,(z)}}23
given by

P
— k k ikyp
R =" | 2 “(E)¢(5>e"  melmmlt @
keZd
0, otherwise

Clearly, the functions F,(z), n € N, are non-negative and measurable. Let
2 € R?. Then there exists ng € N, such that zg € [—7n, 7rn]d for n> ng.
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The function p(€)y(£)e's® of variable ¢ is integrable in the Riemann sense on
[-1,1]¢. By definition of the Riemannian integral we get

k , .
Jim 7 ( k\w( \ ine J/ H(EB(E)eX=0de
kezd (—1,1}4
= 2m)*? . j(~ao) .
Therefore,

i Fa(zo) = (2m)%72 - |pp(—ao) P . (3.2)

Now we use the fact that

> ¢ <5> el < endl-¥P) | neN, (3.3)
n
keZd p

where ¢ does not depend on n. For 0 <p <1 inequality (3.3) is proved in [7]

< 1 1
with the help of the Poisson summation formula. The case 1 <p < +oo0 is an

immediate consequence of the Nikolskii inequality (see, for instance, [10], p. 147)
and (3.3) for p=1. Using inequality (x) for W,(z) = 3 ¢ (£)e** and
A

(3.3) we have

k k -

N -d — . lk: _—
/Fn(m)dx—n P / Zd'll('r_z)ip(n) e dr =
Rd [—7n,xn)d kEZ

P
k k .
_ o d(1-p) ud BN k|| <
S PROHO R I
{[keze ¢ llp
T

S c.nd(l—p) v Qr/) /E\ elky“ < cl ,

=R
[ R A S [ R, [ | -

WIIEr€ ¢ QoO€s 1nov aeperiq on e.
Thus, we have proved that the sequence {Fn(z)}12 fulfils all conditions
of Fatou’s lemma. Therefore, the integral of its limit can be estimated by the same

constant, that is,

e ¥ [lm(-a)rds < ¢

now 2 <p < +4oo. As it follows from above, it is enough to check that

| An(u)Wall5 < ¢ - [|Walls - (3.4)



130 K. Runovski & H.-J. Schmeisser

To prove (3.4) we will apply the principle of duality. We choose & > 0, such that

supp  C D1-5 and we consider the polynomial ®n(z)= Y ¢ (£)e*®, where
keZd
Y E Rlli—a,r For ge L, we have

tl)gia) = 3 o (2) (095 = 2m) - [ gl + miEa(hian,

kezd T
where
§"(k) = (2n) ¢ [ gla)eds, ke
Td
and by virtue of (3.3)

[ An(p)gll, < (QW)_d‘/Ilg(erh)Ilp-I‘Pn(h)ldh =
2 (3.5)

=(2m)" liglhp - 18alli < ¢ - ligl,

where ¢ does not depend on g and n.
Noticing that the inequality (*) being valid for p is also valid for @
(complex conjugation of u ) we get from (3.5)

[An()Walls = sup |(An(p)Wn,g)l =

flglln<1
k k
— @n) sup | #(—)1#(-)9"(’0)
”g”psl kcZd n n
k\ [k k
~ @) sup |30 «p(—)p —)w(—)gw -
"g“pgl kezd n n n
= Ssup |(Wn,Aﬂ(ﬁ)(Aﬂ(‘P)g))|§
lgllp<1
-~ Yx7 PN, W A X A ..\ N\ & ihxxr {!
=1 "'ﬂll'{,’ o Sup At AniE)Y)llp = C IE""'nH; .
lglls<1
The proof is complete. =

Remark 3.1. The idea to represent A,(u)Wn(z) as an integral sum of the
Fourier transform of the function pty is not new. It goes back to [3] and [17],
where it was applied to some problems in the case p = +00.

Now we establish the sufficient condition for the validity of inequality (x).

Theorem 3.2 . Let u(§) be continuous, 0 < p < +0c0, p* = min(l,p) . If
pp(x) € Ly~ (RY) for some o € Rl 145 » 0 > 0, then inequality () is valid for p.

The nroof of Theorem 2 2 renecats the nroofofthe theore

The proof of Theorem 3.2 repeats the proof of the theorem on th
of Fourier multipliers in terms of the Bessel potential spaces [10], p
some obvious modifications.
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Remark 3.2. The requirement of continuity g is essential in Theorem 3.2 for
the case 0 < p < 1. Indeed, we consider

(Y [17 §=0
&7 10, otherwise.
Then u(z) = 0, but for Wo@) = 3 ¢ (%) e™ we get from (3.3)
keZd
d
||An(I‘)Wﬂ"p — lim (2m) /e >c¢. lim n-d-1/p) _ +00 ,
n—+oco “Wn”p n—-+o00 | Wﬂ”? n—+00

that is, (x) fails.

We will see that in many cases the condition ” @ € Ly(R%” does not
depend on 9 € R?. In particular, this holds for infinitely differentiable on R4\ {0}
functions. This observation gives the following criterion of the validity of inequality
(*) in the case p = p*, thatis,for 0 <p<1 and p= +oo0.

Theorem 3.3. Let 0 < p <1 or p = +00. Let also the function u(€) be
continuous on R? and infinitely differentiable on R%\ {0}. Then inequality (%)

is valid for p if and only if py € Lp-(R*) for some (any) o € R®.
Proof. It is enough to prove that the condition ” @ € L,-(R%)" does not depend
on % € R%. Then Theorem 2.3 will immediately follow from Theorems 3.1 and
3.2.

Let pth € Lp-(R?) for Y €REy, 0<a<bdb<+oo and p€RY,, 0<
d <V < +o0. .
Then pp = ph + p{ep — ¢). Clearly, (&) —¢(€) =0 for €€ Din(a,ery and
€€ R? \ Dmax(b,b’) .
Therefore, u(¢—1) and its Fourier transform belongs to the Schwartz space S of
rapidly decreasing test functions. Therefore, the Fourier transform of nlp—1) is

in Lys(R%). The proof is complete. |

Theorem 3.4. Let u(€) be continuous on R? and infinitely differentiable on
R\ {0}. Then

1. If (%) is valid for p= 400, it is also valid for all 1<p < +o0;

2. If (+) is valid for some 0 < pg <1, it is also valid for all pg < p < +00.

Proof. Part 1. follows immediately from Theorems 3.3 and 3.2, If (%) is valid for

some 0 < pg <1, then by Theorem 3.3 ;117) € Ly, (RY) for some 9 € RY. Since

;1]) decreases to 0 at infinity, /;17)(12) € Ly(R?) for po <p<1 and by Theorem
3.3 (+) isvalid for po <p<1 and p= +oo. In view of part 1. it is also valid
for 1 <p<+o0. |

Remark 3.3. As a rule, assertions like Theorem 3.4 are proved by applying in-
terpolation theorems, whereby the information on the boundedness of a given
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operator in two ”limiting” spaces is needed. We notice that in difference to stan-
dard methods only one space ( Ly, or Le ) was enough for us. Moreover, our
approach does not use any specific tools of harmonic analysis. Practically, it is
based on the definition of the Riemann integral and elementary properties of the
Fourier transform.

4. The Fourier transform of some functions

In this section we will deal with the Fourier transforms of some homogeneous distri-
butions. We will study the influence of multipliers belonging to the Schwartz space
S of rapidly decreasing test functions and satisfying some additional conditions
on their asymptotic behavior. We use some facts of the theory of homogeneous
distributions that can be found in [6]. It should be noticed that the technique we
use here was partly developed in [5]. For the sake of convenience and for better
reading we adopt Lemma 4.1 and Theorem 4.1 from [9] with full proofs.

Definition 4.1. A function f(£) defined on R%{\0} is called homogeneous of
order a € R, if

a

18 =17 1(©) (41)

&
/
—~
o
[

for t>0 and £€R

f€) =r"®(), r=1¢>0, ues*, (4.2)

where S ! is the unit sphere in R? (as usual, we admit that S° consists of
two points: 1 and -1). If in addition, f € C®(R%\ {0}), then ®(u) is bounded
on S% 1 and f has at most polynomial growth at infinity; therefore, it is a
regular element of the space &’ of distributions on &, that is

(1o = [ £@wlerie, ves.

Rd
We recall that for g € &' and v € N¢ the derivative D¥g is defined by
(D¥g,0) = (1) - (9, D"p), v €S, (4.3)

where
AV, A
v Y

v, —
= oz ... dxy?
The Fourier transform of g € &’ is given by

9.0)=1{9.9), PES.

We notice that if g € &' N C(R?\ {0}), the restriction of D¥g defined
by (4.3) to So = {9 €S : suppyp C R%\ {0}} coincides as an element of the
dual space &} with the pointwise derivative of g.

™ Youwn ; . .
The preliminary estimate of the asymptotic behavior of the Fouri 1sform

D

of fi, where ¥ € S and f is homogeneous of a non-negative order, is given by
the following
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Lemma 4.1. If f € C®(R%\ {0}) is homogeneous of order a € R, a > 0, then
forany ve S

Ifo(e) <c- (L+|e))" @2+ | zeR?, (4.4)

wrhora o
wWiicIrc o

Proof. Weput m = [a] +d—1.Let v € N} and |v|; < m. Then D¥f is
homogeneous of order @ — |v|; as an element of &’ [6], p. 75. With the help of
remarks given above, DYf is a regular element of S and

DY f(€) =r* 1M . B (u), r=¢|>0, ue ST,

Since ®,(u) is bounded on S9!,

1
1D flLuoy = / /r“"”““‘—l-@,(u)drdS(u)

st 0 (4.5)

—

< c(v) /ra_|”|1+d_ldr < +o00,
3
a surface element of 8471 . Ap
the derivative of the product we deduce from (4.5
lvl1 < m.
Since fy € Li(R%), the inequality (4.4) is valid for |z| < 1. Let now
jz| > 1. Since

where dS(u) i lying the Leibniz formula for

that DY(fy) € L1(R?) for

5,

= fp(z) = (—i) "D (fP)(z), =R,

we obtain for |v|; < m, z € R?

2| - 1f (@) < ADY(FP)llLaqrey
and
’ v —1
|fo(=)| < ( > |$"I) O I (Flmey Sl ™
|v|i=m |vj1=m
that completes the proof. ]

By X% we denote the space of real valued radial functions %, such that
¥%(0) = 1.
Theorem 4.1. Suppose f(§) € C®(R%\ {0}) is homogeneous of order a €
R, a > 0, it is not a polynomial and %(€) € X®. Then fu(z) € Lp,(R?) if and
only if % <p< +oo.

L1335 *1

Proof. We will prove that

1Fo(z)] € er(1 +|z))~ @+, zeR? (4.6)
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and there exist ¢>0, 8 >0 and ug € S¢ 1, such that
Fé(@)| 2 ca- |27, zeq, (47)

where

s ra Yl

Q=Qp,6,u0)={z=ru: r>p, ucs

It

' cosh < (u,up) <1} .

Clearly, Theorem 4.1 follows from (4.6) and (4.7). Indeed, since a >0, f is
bounded on D; and [y € Loo(RY). If 3% <p < +o00,then o =d—1—p(d+
a) < —1 and by (4.6) we get after the transfering to the spherical coordinates

+co
Il rey S e Q1+ / rP(E+e) 81 grd S (u)
Sd-1 1
+00

gc’-11+j r’drj<+oo.
1

Let now O0<p< d%z . Then o > —1 and we obtain from (4.7)

+o0
o o ~p(d d-1
1717 gy = NFDIE oy 2 - / / PoRE+e) | -4 a0y
cos 8<(u,ug)<1 @
+o0
o i sen.

J

e
First we prove (4.6) and (4.7) for functions 1 in

xg={¢exd: $ >0, suppyp C D3/4} . (4.8)

Since f is bounded on D; \ {0}, fy belongs to L;(R%). This implies (4.6)
for |z] < 1.Let now |z] > 1. On the basis of the Fourier transform properties of
homogeneous distributions [6], Theorems 7.1.16, 7.1.18, pp. 167-168, fe S is
homogeneous of order —(d+a) and it belongs to C®(R!\ {r}), in particular, it
is regular on Sy and

f(a:) = p(d+a) T(u), r=|z|>0, uwes??. (4.9)

Noticing that {j)\(z —-) belongs to Sy for |z| > 1 and applying the properties
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of convolution [6], Theorem 7.1.15, p. 166 as well as (4.8) and (4.9) we obtain

1fo@) = < frdz—-) > ’ / F@)p(z— )dy} =

| Ra

le—y|<3/4

~ o~ N [~
F(z—y )dy‘ <. max If(y)l'/ Y (y)dy <
R4

fz—y|<3/4

<c- max 'y’—(d+a) < o . |z|—(d+a)
[z—yl<3/4

that proves (4.6).
To prove the lower estimate we notice first that since f is not a polynom1al
f can not be concentrated at 0 and, therefore, there exists ug € S%1, such that
W(ug) # 0. Without loss of generality we may assume that Re\Il(uo) >0 .We
choose 6 >0 from the condition

[

Re¥(u) > ~Re¥(up), u€ 8§47t cos20 < (u,up) < 1.

3]

Let o> 1 be so large that the conditions z € Q(o,0,u0), |y —2z| <32 imply
y € §)(1,20,u0) . Then we obtain for z € (g, 8, uo)

P = / Fw)(e - vay| >

Jz—y|<3/4

> [ e Rew (L) o gy >
le—yl<3/4 R
1 / —(d+a)

z gRep(uo)- [yl Y(z-y)dy =

[c—y[<3/4
> 27(4+a)=1. ReW(g) . |z~ (¢+a) / Dy)dy =
Rd

=c- |zt |

where c=27(4+2)"1. ReW(ug)(2m)%? . 4(0) > 0. The inequality (4.7) is proved.
Let now 1 be an arbitrary function in X%, We set

fy="Ffe+fl—v), pcis.

Clearly,
Y(€) — p(€) = alg®Pi(€) ,
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where 1, € X% and
_ i ¥(E) — ()
Therefore,

FOY(E) = F(Oe(€) +f (&) - lE]* - ¥1(8) - (4.10)
Noticing that the function g(g) (§)|§|2 belongs to C*°(R?\ {0}) and

OIMOZENEOUS of order a + 4 we obtain from Lemma 4.1 nnat
991(2)] < (1 + |z)~@eHD | g e re (4.11)
From (4.6) for function in X¢, (4.10) and (4.11) we get for z € R¢
IfY()| < [fe(z) + 1o - (g9 (2)] <
<d (1 + || (4 4 Izl‘(d’“[“‘“)) << (1 + Iml“"*“’) :

The estimate (4.6) is proved for all ¥ € x9.

We put
0= ax! (2|alc\ o 1
0 )

where ¢ and ¢y are the const:ants from (4.11) and (4.7) respectively. Then for
ol > &
ca — claf - |z~ {eh) > % . (4.12)

From (4.7) for functions in Xg, (4.11) and (4.12) we have for = € (5, 8, uo)
[Fo(@)| 2 |Fo@)] - lol - lgya(2)] >

> cala| () — cla] - o] (4D >

_ (- €2, -
> || ~(d+a) . (62 —cla] - |z~ {a})) > 52|z| (d+a)

The proof of Theorem 4.1 is complete. ]
d
By Y? we denote the set of functions Y€ H ¥;(&), where o, €
X' oj=1,...,d.

Theorem 4.2. Let f(£) = zd: fi(&), fi € C°MR\{0}), j=1...,d, f; be

homogeneous of order v € R, 'y > 0 and at least one of them be not a polynomial.
Let also 9(€) € Y¢. Then fy(z) € L p(R?) if and only if 1+7 < p < +o00.

Proof. Using the Fourier transform properties for the tensor product (see, for
instance, {16], p. 134), we get

Zfﬂ/);! (z5) - H Yu(z) . (4.13)

V#J
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Let ﬁ <p< +oo. We put N = [%] + 1, so that Np > 1. Since

ij): € S(R), we derive from (4.13) and (4.6) with d =1 (obviously, it is valid for
polynomials as well)

d
W ey < Z/(l + ;) PO Mdz; - [ ] f(l + |z, |)VPdw, < 00 .
j=1 R

v
v#AF

Let now 0<p< % Without loss of generality, f; is not a polynomial.
Because of (4.7) with d =1, we get

[Fitn(0)] > e, - [¢ O+ (4.14)
for t>p orfor t < —p, where p > 1. We will assume that (4.14) is valid

for t> o. We consider a point X° = (z3,...,29) € R¢"? such that zZ;(z,‘Z) #
0, v=2,...,d. Then for some o >0

d
[T >a>0, o, eU@ED), v=2, ..,4, (4.15)
v=2
where U(z0) = {t: |t — 28| < o}. From (4.14) and (4.15) we obtain for = €
[0, +00) x U(X?), where U(X%) =U(x3) x ... x U(x3) € R¥!, that

d
[Frpr ()] - [T 1w (2)] = caarfa |7O) (4.16)

v=2
d

In(416)for d=1 weput [] =1, @ =1, thatis, (4.16) coincides with (4.14)

y=2
in this case.
Let
M= Z( + |y~ 1+7) . H(1+|z )~ @+

(z2,... md)EU(XO)
"FJ

By (4.6) we have for- z € [p, +00) x U(X?)

I =3 1)) [T (@)l <
i=2 v;j

<012 L+ J2) O - (9 (1)) - Hm(mu

v=2 (4.17)
d d
<c(l+ |ml|—(2+~/)) . 2(1 + |zj|)—(1+'y) , H(l + |z, |~y <
j=2 v=2
v#S

<eM(1+ |z | CH)) < ¢« [z |73+
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~ { 2c }
@ = 1max\ o, .
Cz-Cx

Colx — C/I.'Bll_l 2 % . (418)

We put

e FATON LA 10N a4 10O o 4 £ —_ i~ N TN
LIoi (\4.19), (4.10)-{4.10) WC gCL 10T T &« {0, ‘f‘OO) XxulAaA“T)

d
o) = @) [] o) -7 >

v=2

> |zl|—(1+v) - (coax — C,]-Tll_l) > % . |m1|—(1+v)

and, therefore,

)
I|TT/ \nn ~ / [IT\.I AT ) k) k)
PN (re) 2 j / (Jplz)lFax1axs . .. 6Ty
U(Xx9) Z,'
P v _
_>. (%‘_) . / dmz . d(l;d / T, P(1+7)d.'131 = 4-00.
U(xe°) Z,'
The proof is complete. ]

5. Inequalities for trigonometric polynomials

Theorem 5.1. Let u(€) € C*°(R4\{0}) be homogeneous of order a€R,a>0
and u(0) = 0. If u(€) is not identical with a polynomial on R*\ {0}, then

inequality (+) is valid if and only if z% < p < o0

Taking into account that X% C R? we immediately obtain Theorem 5.1

from Theorems 3.3, 3.4 and 4.1. [ ]
d

Theorem 5.2. Let (€)= 3 py(€;), where p; € C®(R\ {0}), 1;(0) =0,
=1

J=1,...,d, p; be homogeneous of order v € R, v > 0 and at least one of
them do not be identical with a polynomial on R\ {0}. Then inequality (x) is
valid if and only if # <p < +o0.

Taking into accout that Y* C R® we immediately obtain Theorem 5.2 from
Theorems 3.3, 3.4 and 4.2. u
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Before we formulate some consequences of Theorems 5.1 and 5.2, we recall
the exact definitions of operators we need. For our purposes it will be enough to
define them on the space of trigonometric polynomials 7 . Henceforth,

tz)=> e eT.
keZd

1. The partial Weil derivative of order v >0 on z; is an operator given
by

(@) = 21 - S ik yreets, (iyr=e%) .

5
Oz Nz
2. The power of the Laplacian AY, v € R, 4> 0 is defined by

ATH(z) = 3 (~1)7[k[FTexe™, ((-1) = &™) .
keZd

We notice that in the one-dimensional case this operator is called the Riesz deri-
vative (epp f"ﬂ p. 49'_7\

3 The conjugate operator is defined for polynomials of one variable by

ika;

“"l

\ —i N L
‘”) L,Sg
keZd

Theorem 5.3. Suppose d=1, v € R, v > 0. Then the inequality

I1Ellp < el AT - fitllp, € Ta, A21 (5.1)
is valid if and only if ;—:L—l <p< 400
Proof. The inequality (5.1) is of type (¥). The operator Ax(u)=A""7- )M s
generated by the function p(€) = i-sgn€ (e +e__21 -£7) that is homogeneous
of order v and it is not a polynomial for each real v > 0. Now inequality (5.1)
follows immediately from Theorem 5.1. |

Theorem 5.3 is a direct extension of a classical result on the conjugate func-
tion, namely, if 4 = 0 , the inequality (5.1) is valid if and only if 1 < p < 400
(see, for instance, ([8], Chapter 4). For v > 0 this inequality seems to be new
even for natural +.

Theorem 5.4. Suppose v >0, v & N. Then the inequality

4 ot
doa| Seldmm) Nty teTh A1 (5.2)

p

is valid if and only if _y—}r—f<ps+oo.
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d
Proof. The inequality (5.2) is of type (%), where Ax(p) = E ai-y

M&

w&) = > (e e )+ e~ T (&)T) satisfy the conditions of Theorem 5.2. W

1

o,
1l

In the case d =1 inequality (5.2) is of Bernstein type (see, for references,
section 1). Theorem 5.4 is one of its possible extensions to the case of several
variables.

The following theorem gives another extension, in which the answer will
already depend on the dimension.

Theorem 5.5. Suppose « > 0, v & N. Then the inequality

1A, < c(dspy ) - A |Itlp, t€TH, A2 1 (5.3)
. . g . d
is valid if and only if Tioy <P 40 .

Proof. (5.2) is of type (), where Ax(p) = A™27-AY, p(é) = ™ . [¢]>7
homogeneous of order 27 and it is not a polynomial for ~ & N. Thus, Theorem

| =G PR Y et . . -—
J.9 IS tile bpcuru case Ul LLICUICLU -J J. L}

The approach to treating inequalities for trigonometric polynomials we have
worked out in this paper find further applications apart from inequalities generated
by homogeneous functions. We give only one example.

Let G C R? be a bounded set. For 27-periodic functions f in L; we

consider the partial sums of its Fourier series

SY(f;z) = Z fAk)e*=, A>0, (5.5)

kexg

where A\G = {k€Z? : % € G} . As is well-known (see, for instance, (8], Chapter
4), in the classical case d =1, G = [—1,1] the sequence of norms of operators
8% in L; and Lo is unbounded. The same result is valid if G =[-1,1]% or
G = D, . We will show that this fact remains valid for a wide class of sets G.

Theorem 5.6. Suppose G C R% has a positive measure and the measure of its
boundary is equal to 0. Then for X =1L, or X = L

Allr_'r_l ||S ||x_,x =400 .

Proof. Without loss of generality, G C D;. Clearly,
k tkx
fim) = 3 X (5) /e,
keZd

where AG(§) is the characteristic function of G. Noticing that Ay is discon-
tinuous only on 9G with measure 0 we obtain by the Lebesgue criterion that
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Xg is integrable in the Riemann sense on Dj. Obviously, Xg does not coincide
almost everywhere with a continuous function; therefore, the Fourier transform of
the function Xg(£) = Ag(£)P(£), where Y € RE_,;, 0<e <1, GC D,
can not belong to Li(R%). Hence, by Theorem 3.1 the inequality of type ()
generated by p = A failsfor p=1 and p = +o0, that is, foreach ¢ >0
there exists A= A(e) > 1 and t € 7, such that,

83t x > c- litfx - (5.6)

Noticing that for f€ X and A2>1

15§ fllx = || (2x)~ /f(z+§){ze } <

kEAG

X
d ikx
<@ fllx- [ D e <
keAg 1
- LAV ~mdY el ~ {0y 1 ond el
S cardyAy i 4L peifllx S \eaT 1) I/ IlX

we obtain that 1m /\(c) +00. Then we get from (5.6) that

(‘:

—_ 157 1| x
S5 > lim [ su A = 400
)s——»+oo “ ”X X = Al teo (te’}'i ”t”x T

The proof is complete. ]
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