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2. The register machine

Abbreviation: RM

Other names: machine RAM, Minsky machine

Ry | Ry | Rs

" I, | I3

R; - the i—th register (i > 1)
There are infinitely many registers.
Registers store natural numbers. 0 is stored in the ‘empty’ registers.

r; - the number stored in R;
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Instructions: (here m,n,qg > 1)

Name Symbol  Meaning
Zeroing Z(n) r, =0
Successor S (n) r, =r,+1
Copying T (m,n) Yy o= T'py

Conditional Jump J(m, n, q)

it r,, = r, then goto I,

A program 1s a finite sequence of instructions P = ([, ..., 1); s 1s

the length of P. We admit s = 0.

A configuration 1s an infinite sequence (7,),>1 such that r,, = 0 for all
but finitely many n; 1t shows the contents of registers.
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LetP=(l,...,1), s >0, be a program. The computation of P on a
configuration (r!),s; can informally be described as follows.

The 1nitial configuration 1s (r,ll)nzl. We execute the instructions of P,
starting from /;; after /; we execute [;,; except for three cases:

(1)I; =J(m,n,q), 1 < g < sandr, = r, tor the current
configuration; then we execute [, after /;,

(2)1I; =J(m,n,q) , s < g and r,, = r, for the current configuration;
then the computation ends,

(3) j = s and the conditions of (1), (2) do not hold; then the
computation ends.

A step of the computation is the execution of one instruction.

The computation of P on a configuration can be finite or infinite. The
result of a finite computation 1s r; for the final configuration.
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We omit a precise definition; it will be given later on in terms of
encoding. We write X for (xq,..., X,).

Let P be a program and x € N".

We write P(x) |, if the computation of P on (x4,...,x,,0,0,...)1s
finite, and P(x) T otherwise.

We write P(x) | y, if P(X) | and y 1s the result of this computation.
We define f}(,") - the n—ary function computed by P.

Dom(f") = {x € N": P(x) |}

For x € Dom( f;”>), f;)”) (x) equals the unique y such that P(x) | y.

We define COMX;L as the set of all n—ary functions computed by

programs for RM and:
COMgy = UnleOMg’Xl (the set of functions computable on RM).
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EXAMPLES
(D flx,y)=x+y
the 1nitial configuration: | x|y |0 |

after k macro-steps: |x + k|y| k|

Program:
1. J(2,3,5) % r,=r;?1If YES, then STOP.
2. S(1) JGor :=r +1
3. S(@3) D ry:=r;+ 1
4. J(,1,1) % GOTO 1
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(2)

f(x,y):{ 1 ifx<y

oo otherwise

the initial configuration: | x| y|

after k macro-steps: |x+ k|y|

Program:
I. S(1) JGor :=r +1
2. J(1,2,4) 9% r; =r,? If YES, then GO TO 4
3. J(,1,1) % GOTO 1
4. Z(1) % r; =0
5. S(1) JGor :=r +1
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(3) f(x,y) = c<(x,y)
the initial configuration: | x|y[0]0]|

after kK macro-steps: |x+ k|y+k|x|y]|

1. J(1,2,12)

2. T(1,3) Y r3 =1
3. T12,4) Yo 14 =1
4, S(1)

5. S(2)

6. J(1,4,9)

7. J(2,3,12)

8. J(1,1,4) % GO TO 4
9. Z(1)

10.  S(1) P |1]|...|
1. J{,1,13) % STOP
12.  Z(1) % 0]...|
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Def. 1. A program ([, ..., [;) 1s said to be standard, if g < s + 1 for
any instruction J(—, —, g) occurring in this program.

Def. 2. We say that programs P, Q are equivalent, if fl(f‘) = g‘) for all
n>1.

Proposition 1. Every program is equivalent to a standard program
(of the same length).

Proor. Replace every J(—, —, g) such that s < g by J(—, —, s + 1).

Def. 3. Let P, Q be standard programs, P = (I7,...,I"),

Q= (I°,...,I°). We define the composition P; Q as the program
(Iy,...,1,) such that:

I;=1"forall 1 < j<sandl;=(I2 ) foralls < j<s+1,
where (I7)" = I? for I # J(=,—, =), U7) = J(=,—, 5 + q) for
I].Q = J(—,—, q). Clearly P; Q is standard.
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Proposition 2. (P; Q); R = P; (Q; R) for all standard programs
P,O,R.

We write P P>;...; P,.
By p(P) we denote the greatest register number occurring in P,

Def. 4. Let ky, ..., k,, k be positive integers such that k; > n for any
l <i<nandk; #kjtfori+ j. Let P be a standard program. We
define a program Plky,...,k, — k]. This program:

takes the input data from registers Ry, ..., Ry ,
copies them in Ry, ..., R,, respectively,
cleans the remaining registers needed for program P,

runs P, and copies the result in Ry.
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1. T(ki, 1)

1. T (k,,n)
n+1. Zn+1)

p(P).  Z(p(P));
P;
T(1,k)

The instructions from n + 1 to p(P) are absent, if p(P) < n.
Clearly Plky, ..., k, — k] is standard.
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Theorem 1. Every partial recursive function 1s computable on RM.

Prookr. In order to prove REC C COMpg,, we show that COMgy,
contains all basic recursive functions and is closed under
substitution, primitive recursion and minimum.

Z(x)=0. P=(Z()).

SxX)=x+1. P=(S5(1)).

I'(x) = x;. P=(T(,1)).

Substitution. Assume that f, g, ..., g« € COMgy and
h(x) = f(g1(X), ..., g(X)).

Let P, P,,..., P, be standard programs computing f, g1,. .., g,
respectively. We construct a standard program Q, computing A.

We denote m = max(n, k, o(P), o(P1),...,p(P)).

The input data x, ..., x, are stored in registers R,,,.1, ..., R, and
the values g;(X),...,2x(X) N R, 1015 - - - » Ripinsk
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R
| m+1 m+n m+n+1 m+n+k

dxr e X [ g L gr(X) |

1. T(l,m+1)

n. T(n,m+n);

Pim+1,.... m+n—->m+n+1];

Pm+1,.... m+n—->m+n+kj;

Pim+n+1,... m+n+k— 1]

Notice that Q(x) | if and only if P;(x) | forall 1 <i < k and
P(gl(X)a c ooy gk(X)) J/
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Primitive recursion
h(x,0) = f(x)

hx,y+1) = gx,y, (X, y))

Let P, Q be standard programs computing f, g, respectively. We
construct a standard program R, computing A.

Denote m =max(n + 2, o(P), p(0)).

R stores the input data xy, ..., x,, y In registers
Ryii,..., Ry, Ryins1, uses R, ..o as a counter keeping a current
number O < k <y, and stores the value h(x, k) in R, ,,43.

After kK macro-steps:

| Ri+1 Rin Riyint1  Rmin+2 Ripin+3

dxi ool xe | Y | k| hX k)|
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1. T'(d,m+1)

n. T(n,m+n)

n+l. Tn+1,m+n+1);
Pm+1,....m+n—->m+n+3] computes f(X)
Jm+n+1,m+n+2,j); (instruction ;)

Om+1,.... m+nm+n+2,m+n+3 > m+n+ 3]
h(x, k) and stores 1t in R,,,,,4+3

S(m+n+2)
J(1,1,1)
T'(m+n+3,1) (instruction /)

computes
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u—operator
h(x) = w(f(x,y)=0), f: N*"! 5 N, h: N* - N.

Let P be a program computing f. We construct a program Q,
computing A.

We define m =max(n + 1, p(P)).

Q stores the input data x;,...,x, MR 1,..., Ryin,

uses R,,.,.1 as a counter, keeping a current number k£ > 0,
computes f(X, k) and stores the value in R, 17,

verifies (X, k) = 0 (R,,1..3 keeps 0)

if YES, returns £ as the result, else sets k := k + 1 and repeats the
loop.
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after k macro-steps:

m+n+2

IR ARRE <A S Y

1. T(,m+ 1)

n. '(n,m+ n);
Pim+1,...m+nm+n+1->m+n+2]
Jm+n+2 m+n+3,))

Sm+n+1)

J(1,1,n+ 1)

T(m+n+1,1) (nstruction /;))

m+n+3

0
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3. Encoding

We need some auxiliary primitive recursive functions.
the pairing function: m(x,y) = 2*Qy+ 1) -1 =2*Qy + 1)-1
n: N? — N is a bijection.

7(0,0)=0,7(1,0)=1,7(0,1) =2, 7(2,0) = 3, 7(0,2) = 4,
n(l,1)=25

We have: n(x,y) > x, n(x,y) > y.
The converse functions:

m1(z) = (ux < z+ 1)y, m(x,y) = 2),
m2(z) = (uy < z+ D)y, (x, y) = 2).

We have: m;(n(x,y)) = x, m(n(x,y)) =y, n(71(2), 12(2)) = z.
Define: 7(x,y,z) = n(n(x,y),2). T : N° — N is a bijection.

T1(k) = m1(m1(k)), T2(k) = mo(mi(k)), T3(k) = ma(k)
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W™ - the set of all finite sequences of elements of W, including the
empty sequence e.

We define a computable bijection (-) : N* - N,

() =0

Xn—1 xn'l‘l _ 1

(X1,..., Xy =p, --p" -,
(0) =1,40,0) =2,¢(1) =3,¢0,0,0) =4,(1,0) =5

One easily shows: for any k € N, there 1s exactly one @ € N* such
that (@) = k.

() 1s called the (sequence) number of «.
[h(x) = the length of the sequence of number x

(x); = the i—th term of this sequence, if 1 < i < [h(x); otherwise
(x); = 0.
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Exercise. Find « such that {(a) = 50.
a=(ki,....ky),if p}' - pl - pett = 51.
51 =2°31597911°913%171

Soa =(0,1,0,0,0,0,0).

[h(50) =7, (30), =1, (50); =0 forany i # 2

exp(x,n) = the exponent «, in the factorization x = [[ _, p,", if
x # 0 and n # 0; otherwise exp(x,n) = 0.

Lemma 1. The following functions are (primitive) recursive:
f(x,n) =exp(x, n),

g(x) = lh(x),

h(x, 1) = (x);,

f(x1,...,x,) =<(X1,...,X,) for any fixed n > 1.




Computability

21

INS - the set of all instructions

We define a computable bijection v : INS — N.
v(Z(n)) =4(n—-1)

viS(n))=4mn—-1)+1

v(T(m,n)) =4nr(m—-1,n—-1)+ 2

v(Jim,n,q)) =4t(m—-1,n—-1,g—-1)+3

v(I) 1s called the instruction number of 1I.
PROg,; = INS” - the set of all programs for RM

Def. 5. Let P = (14, ..., 1) be a program. The Godel number of P is
defined as follows.

P = <V(Il)9 R V(IS)>

Clearly " - 'is a computable bijection from PROg;, onto N.
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P, denotes the program of number e, 1.e. a unique program P such
that" P ' =e.

Clearly the function f(e) = P, 1s computable. We have:
P, =0"'(e)),....v ' (@)me))

and v~! is computable.

We define: {e}™ = fl(f:) . In Cutland’s book: ¢\,

The number e is called the index of the function {e}"™.
We write {e} for {e}V.

Exercises. (1) Compute ' (Z(1),S(1),S5(1)) . We have v(Z(1)) = 0,
v(S (1)) = 1. So the number of this program equals

0,1,1) = 293152 — 1 = 74.

(2) Find P,;. We have 28 = 223°5%7! hence 27 = (2,0, 0, 0).

2 =v(T(1,1)),0=v(Z(1)). So Py = (T(1, 1), Z(1), Z(1), Z(1)).
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Example A. We define a function, which 1s not recursive.

We consider the following total function.

Fx) = { {x}(x)+1 1f {x}(x) 1s defined

0 otherwise

We show f ¢ COMg,,. Assume the contrary. Then f = {e}, for some
e € N,

{e}(e) 1s defined, since f 1s total. We obtain:
tej(e) = f(e) = {e}(e) + 1,

which 1s impossible.

By Theorem 1, f ¢ REC.
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Proposition 3. Every function computable on RM has infinitely
many indices.

Proor. Let f € COMg,,. There exists a standard program P,
computing f. Let P = (I4,..., ;).

P 1s equivalent to every program
(ly,..., 1, T(1,1),T(1,1),...,7(1,1)), hence the Godel numbers of
these programs are indices of f. g.e.d.

Def. 6. Let (r,,),>1 be a configuration. The number

(0]
_‘ ‘ r
r = pn”
n=1

1s called the (code) number of (r,);>1.

Remark. Every natural number r > 1 1s the number of a unique
configuration.




Computability

25

For any n > 1 we define two total functions.

c,(e, X, t) = the number of the configuration after ¢ steps of the
computation of P, for the entry X, 1f this computation has at least ¢
steps,

c.(e, X, t) = the number of the final configuration, otherwise.

Jn(e, X, t) = the (ordinal) number £ of the instruction /; (in P,)
executed after ¢ steps of the computation of P, for the entry x, if this
computation has more than ¢ steps,

j.(e, X, t) = 0, otherwise.

Lemma 2. For any n > 1, the functions ¢, j, are (primitive)
recursive.

PRrROOF.
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We define two functions.

con(e, r, j) = the number of the configuration obtained by the
execution of /; in P, on the configuration of number r, if
1 < j<lh(e); con(e,r, j) = r, otherwise

ins(e, r, j) = the (ordinal) number ¢ of the instruction to be executed
after the execution of /; in P, on the configuration of number r, if
1 <j<lh(e)and 1 < g < lh(e); 1ns(e, r, j) = O, otherwise

Then, c¢,, j, can be defined by simultaneous recursion.
ca(e, x,0) = pi' -+ py’

Jn(e,x,0) = sg(e)

cu(e,X, 1+ 1) =con(e, c,(e, X, 1), ju(e, X, 1))

Jn(e,X,t+ 1) =1ns(e, c (e, X, 1), ju(e, X, 1))
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It suflices to show that con and ins are (primitive) recursive.
We need functions rgy, rg,, jp such that:

rg1(v(Z(n))) = n, rg;(v(§ (n))) = n,

rgi\((T'(m,n))) = m, rgi(v(J(m,n, q))) = m,

rgo(T'(m,n))) = n, rgx(v(J(m, n, q))) = n,

jpv(J(m,n,q))) = q.

Recall that:

[x/y]=(uz<x+1)(y=0VvVx<(z+1y).

. 3([(x=3)/4]) + 1 if rm(x,4) = 3
me={0 |
otherwise
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(o ([(x=2)/4]) + 1 if rm(x,4) =2
rgo(x) =4 H([(x=3)/4D +1 if rm(x,4) =3
L O otherwise

[ [x/4]+ 1 if rm(x,4) = 0
[((x—1)/4] + 1 if rm(x,4) =1
m([(x=2)/4D) + 1 if rm(x,4) =2
| 71 ([(x=3)/4]) + 1 otherwise

rg1(x) =

Accordingly rgy, rg, and jp are primitive recursive.

We define a (primitive) recursive function:

fex,n) = pr(n)™re" .
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con(e,r, j) =«

[ [r/fe(r rgi((e))]

ifr>1A1<j<Ih(e) ANrm((e);,4) =0
r- pr(rgi((e);))

ifr>1A1<j<Ih(e) ANrm((e);,4) =1
[/ fe(r, rgx((e) )] - pr(rga((e) )y P ()
ifr>1A1<j<Ih(e) Nrm((e);,4) =2

T otherwise
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Cj+1ifr>1A1<j<Ih(e) Arm((e);,4) <3

Jtlitr>1A1<j<lh(e) Nrm((e);,4) =3
Aexp(r,rgi((e);) # exp(r,rgx((e);))

ins(e,r, j) =4 jp((e)ifr>1A1<j<Ih(e) Nrm((e);,4) =3

Nexp(r,rgi((e);) = exp(r,rga((e);))

A1 < jp((e);) < lh(e)
\ 0 otherwise

This finishes the proof of Lemma 2.
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The fundamental equation

(FE) {e}"(x) = exp(ca(e, X, it (jule, X, 1) = 0)), 1)

Theorem 2. Every function computable on RM i1s partial recursive.

Proor. Let f : N” — N be computable on RM. Then f = {e}" for
some e € N. By (FE), f e REC. g.e.d.

Corollary 1. COMg,, = REC.

Def. 7. The function U, : N*"! — N, defined by:
U,(e,x) = {e}"(x),

1s called the universal function for n—ary partial recursive functions.

Corollary 2. For any n > 1, the function U,, is partial recursive.
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Theorem 3. (Kleene normal form theorem) For any n > 1, there
exists a primitive recursive relation 7,, € N"*> and a primitive
recursive function ¢ : N — N such that the equation:

{e}(x) = 8(uzT (e, X, 2)),

holds forall e € N, x € N".

Proor. We define a relation S, € N"*3:
S.(e,x,y,t)iff P.(X) | yin at most ¢ steps.

S, 1s primitive recursive, since we have:

S.(e.x,y,1) © j,(e, X, 1) =0 A exp(c,(e, X, 1),1)=y.
We define T, as follows:

T(e,x,2) 1 (e, X, m1(2), 12(2)).

Clearly {e}™(x) ~ m,(uzT (e, X, 2)). S0 6 = m;. q.e.d.
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Effective u—operator

Let f: Nl — N (total) satisfy the effectiveness condition:
(EC) for any x € N" there exists y € N such that f(x,y) = 0.
We define a function 4 : N" — N (total) by:

hx) = uy(f(x,y) = 0) =min{y € N : f(x,y) = 0}.

We say that A arises from f by the effective u—operator.

By REC, we denote the family of total recursive functions.

Theorem 4. REC, is the smallest family of total numerical
functions, which contains all basic recursive functions and 1s closed
under substitution, primitive recursion and the effective u—operator.

Proor. Let # denote the smallest family as above. # C REC,, since
REC; satisfies these conditions. We show REC; C ¥. Let f € REC,,
and let e be an index of f. The yu—operator appearing in (FE) 1s
effective, and ¢,, j, , exp are in ¥, hence f € ¥. g.e.d.
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(R9) Let functions g1, ..., g : N” — N be partial recursive. Let
relations Ry, ..., R, € N" be recursive and satisty the condition:

(x) for any x € N” there is exactly one 1 < i < k such that R;(x) holds.
Then, the function 4 : N — N defined by:

[ g1(x) if Ri(X)
h(x) =~ 4

| &k(X) 1t Ri(X)

1s partial recursive.

We assume:

h(x) # o iff forsome 1 <i <k, Ri(X) A gi(X) # o0.
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PRrROOF.
Letey,...e, beindices of g, ..., g, respectively.

This means: g;(x) =~ {e;}"”(x), for any 1 <i < k and any x € N". We
define an auxiliary function:
(e, if Ri(X)

gxX) =1 :

\
By (R4), g 1s recursive. We have:
h(x) ~ U,(g(x),x) for any x € N",

Consequently, 7 € REC. g.e.d.
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We define two relations.
HALT® (x,y) iff P.(y) |
HALT(x) iff P,(x) |

Theorem 5. The relations HALT® and HALT are not recursive.

Proor. Suppose that HALT 1s recursive. Consider the function f
from Example A. We know that f ¢ REC. We can define f as
follows.

U(x,x)+ 1 if HALT(x)
f(x) = { 0 .
if ~ HALT(x)

By (R9), f € REC. Contradiction. So HALT is not recursive.

We have: HALT(x) & HALT®(x, x). By (R1), HALT® is not
recursive, either. g.e.d.
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4. Church’s thesis

Also: the Church thesis, the Church-Turing thesis
Abbreviation: (CT)

(CT) The class of partial numerical functions, computable in
a general sense, coincides exactly with the class of partial
recursive functions.

Let COM denote the class of partial numerical functions,
computable in a general sense.

(CT) COM = REC

We know that REC = COMpg,,. Obviously COMpg,, € COM, since
programs for RM are certain algorithms. So REC C COM.

The converse COM C REC i1s a hypothesis. It cannot be proved,

since COM has not been precisely defined as a mathematical notion.
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Arguments supporting (CT)

(1) Other models of computation were studied:
- Turing machines

- Markov algorithms

- Post systems

and others. For any model, it has been proved that the partial
numerical functions computable in this model coincide with partial
recursive functions. The latter also coincide with the functions
definable in lambda calculus and other logical formalisms.

The same can be proved (tediously) for all existing programming
languages.

(2) All results of recursion theory become intuitively sound (often
obvious), if one replaces ‘recursive’ with ‘computable’.
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Applications of (CT)
I. Positive

If we know that f 1s computable (we know an arbitrary algorithm
computing f), then we infer f € REC.

These applications are not essential. Sometimes one argues in this

way just to shorten the proof. In all (known) cases, a complete proof
of f € REC can be provided.

II. Negative

It we know that f ¢ REC, then we infer that f 1s not computable
(there exists no algorithm computing f).

These applications are essential. The only method of proving that a
function is not computable 1s to show that it 1s not recursive
(equivalently: not computable in an abstract model of computation,
which yields all recursive functions).
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Recall that a relation R C N" 1s computable (in a general sense) iff cg
1s computable.

For a relation, one also says ‘solvable’ or ‘decidable’.

(CT) for relations: A numerical relation is computable 1iff it 1s
recursive.

This follows from (CT) for functions. R is computable iff cy 1s
computable iff cy € REC iff R is recursive.

So HALT® and HALT are not computable.

The halting problem for RM: Verity P(x) |, for arbitrary
P EPROGRM, x € N.

Claim. The halting problem for RM is unsolvable (undecidable).

This means: there exists no algorithm which, for any program P on
RM and any natural number x, verifies whether P(x) | or not.
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Computability on other domains

Now by a domain we mean a pair (D, a) such that:
- D 1s an infinite countable set (of finite objects),

- @ 1s a computable bijection of D onto N,

1

- @~ 1s computable.

Let (D, @), (E, ) be domains. We consider partial functions
f:D"— E.

For any f, we define /¢ : N* — N.

f(x) = B(f(a;," (x))), where

@ '(x) = (@ '(x)),...,a 1 (x)).

Shortly: f¢=Bo foa,'. Then f =B ' o f¢oa,.
Clearly: f i1s computable iff f© 1s computable.
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Def. 8. A function f : D" — E i1s said to be partial recursive, if
< eREC.

(Gen-CT) For any domains (D, a), (E, ), the functions f : D" — E,
n > 1, computable in a general sense coincide with partial recursive
functions in the sense of Def. 8.

This immediately follows from (CT).

Example. Let (D, ) be a domain. Then, a : D +— N is recursive.
Now 8 : N - N is the identity function /.

We have: o = Boaoa™! =8 and B8 € REC. So a° € REC.

Consequently (-) 1s a total recursive function from N* to N, 1f it 1s
treated as a unary function on the domain (N, (-)).
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5. Three theorems on recursive functions

Theorem 6. (s-m-n theorem) Let m,n > 1. There exists a total
recursive function s : N"*! i N such that for all e € N, x € N”* and
Vi,...,Ym € N the following equation holds:

{S(ea MAERRR aym)}(n)(x) = {e}(n+m)(X, MAERRR 9ym)

Proor. We transform P, into a program Q such that

"0 '=s(e, Y1, Ym)-

The 1dea:

Entry |x4]...|x,]

Then |xq|...|x.v1l... [yl (puty; iIn R; forn+ 1 <i < n+m)
Run P,
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S(n+1)

y1 times
S(n+1)

S(n+m)

YV, imes
S(n+ m);
P,

Clearly Q depends on e, yy,...,y,. The function
s(e,y1,...,yn) =" QO 'is computable. Applying (CT) positively, one
may infer that s 1s recursive.

We provide a complete proof.
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X*Yy = UL
[[h(z) = [h(x)+[h(y) /\Vi<lh(x)(Z)i+1 = (X)is1 /\vi<lh(y)(Z)lh(x)+i+1 = ()is1]

Weneed fi(y)) ="(S(n+1),...,S(n+1)) ", where S(n+ 1) occurs y
times. Recall that v(S(n + 1)) = 4n + 1.

J1(0) = 0
ho+1D = fiy)*En+1)

In a similar way we define f,(y) =" (S(n + k),...,S(n+ k)) ', where
S (n + k) occurs y times, for 1 < k < m.

We also need: g(e,y) = the number of the program resulting from P,
after one has replaced each J(—, —, g) with J(—, —, g + y).

We define:
se, Y1, Ym) = i) * -+ % fru(Yn) * (e, Y1 + -+ + Y).
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g(e,y) = pz[lh(z) = lh(e)A

AV iciney(Jp((@)ix1) = 0 = (2)is1 = (€)ir1)A

AV icine(Jp((€)ir1) # 0 =

= (2)is1 = 41(rg1((€)i+1), rg2((€)is1), jp((€)is1) +¥) + 3)]
g.e.d.

Theorem 6. Let f : N*™ — N be partial recursive. There exists a
total recursive function s’ : N N such that for all x € N” and all
Yi,.--,Ym € N the following equation holds:

{S,(yla c o ’ym)}(n)(x) = f(X’yla oo 7ym)

PrOOF. Let e be an index of f. Then s'(y1, ..., V) = s(e, V1, ..\ Yim)-

g.e.d.
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Proposition 4. Let k,n > 1. There exists a total recursive function
sb : N**1 - N such that for all e, e1, ..., e, € N and x € N” the
following equation holds:

(sble,en,...,eq))"(X) = {e}({e))"(X),..., (e (x).

Proor. We define:

fx, e eq,...,e) = {e}P({e1}(x),....{e}"(x) =
=Uie,U,(e1,X),...,U,(e, X)).

By Theorem 6°, there exists a total recursive function s’ such that:
(s'(e,eq,...,e )} (X) =~ f(X,e,eq,...,e).

We take sb = s’. g.e.d.

This shows that there 1s a program which from indices of any
functions f (k—ary) and g, ..., gt (n—ary) computes an index of the
function 4 which arises from f, g, ..., g by substitution.
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Unary relations R C N are subsets of N. We denote them by A, B, C.
We write x € A for A(x).

Def. 9. For A, B C N, we define a relation <,, as follows: A <,, B iff
there exists a total recursive function f : N +— N such that

Vien(x €A & f(x) € B).

Weread A <, B as: A is many-one-reducible to B.
The subscript m stems from ‘many-one’. One also considers a more
restricted relation A <; B, where f 1s required to be one-one.

Proposition 5. If A <,, B and B 1s recursive, then A 1s recursive.
Proor. We have c,(x) = cp(f(x)). q.e.d.

By REC™ we denote the family of n—ary partial recursive functions.
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A family # CRECWY is said to be non-trivial, if ¥ is nonempty and
different from RECY,

Theorem 7. (Rice’s theorem) Let F C RECY be non-trivial. Then,
the set:
Ar = {ecN: (e} € F)

1S not recursive.

Prookr. First, assume additionally ) ¢ 7.

We fix a function f € ¥. Then, f(x) # oo for some x.
We define a function:

M o) = | T ITHALTE)
A otherwise

We have: h(x,e) ~ f(x) + (Ui(e,e)-U,(e,e)). So h e REC.
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By Theorem 6°, there exists a total recursive function s : N — N
such that

{s(e)}(x) =~ h(x,e) forall e,x € N,

The following implications are true.

HALT(e) = V.(h(x,e) = f(x)) = V.(is(e)}(x) = f(x)) =
= {s(e)} = f = s(e) € Ag

~HALT(e) = V.(h(x, e) =~ 00) = V,({s(e)}(x) = 00) =
= {s(e)} =0 = s(e) ¢ Ar

Consequently, V(e € HALT & s(e) € A¢), which yields
HALT <, A#.

By Theorem 5 and Proposition 5, A# 1s not recursive.

If ) € F, we prove as above that N\ A = {e € N : {e} ¢ ¥} is not
recursive, Then, A# 1s not recursive, by (R2). g.e.d.
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Corollary 3. The following relations are not recursive:
(1) R,x(e) & {e}(m) = k, tor fixed m, k,

(2) R, x,y) & {e}(x) ~ y,

(3) R(e) & V. .({e}(x) # o) (1.e. {e} 1s total),

(4) R(e) © Y. ({e}(x) = o) (i.e. (e} is empty),

(5) R¢(e) & {e} = f for fixed f e RECV,

(0) R(ey, e2) & {e1} = {ea}.

By (CT), the following problems are unsolvable:

(1) P(m) | k, for an arbitrary program P and fixed m, k, (2) P(x) | v,
for arbitrary P, x,y, (3) fp 1s total, for an arbitrary P, (4) fp 1s empty,
for an arbitrary P, (5) fp = f, for an arbitrary P and a fixed

f eRECW, (6) fp = fp, for arbitrary P, Q.
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Theorem 8. (the 2nd recursion theorem) For any f € REC"*D there
exists e € N such that:

¥y (f(x,€) = {e}"(x)).

Proor. We fix f € REC™. We define a function:

(1) g(x,y) = " V(x,y) = Upi1 (0, X, ).

By Corollary 2 and (R1), g € REC. By Theorem 6’, there exists a
total recursive function s : N — N such that:

(2) Yy (s (%) = g(x, ).
We define a partial recursive function:

(3) (x,y) = f(X, s()).
Let a be an index of h. Then:

(4) Yy (WX, y) = {a} "D (x, ).
We define e = s(a).
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We have:
fx0) = f(x, 5(a) 2 h(x,a) * {a}"*D(x, a) =

(D (2)

~ g(x,a) = {s(a)}""(x) = {e}(x).

g.e.d.

Theorems 6, 6°, 8 are due to S.C. Kleene.

Example B. There exists e € N such that:
Vi (le}(x) = e).

We consider the function g(x,y) = y. By Theorem 8, there exists e
such that {e}(x) =~ g(x,e) = e for all x. So {e}(x) = e for all x.
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Proposition 6. Let n > 1. There exists a total recursive function
rc € REC® such that the following equations hold for all x € N”,
y,€1,€ € N.

{re(er, e2)}"V(x,0) ~ {er}"™(x)
{re(er, e}V (x,y + 1) = {er} "2 (x, y, {rc(er, e)} " V(x, y))

Proor. We define a partial recursive function.

{e }(n)(X) ity=0

g(X, Y, €1, €7, e) = { {82}(n+2)(X, y—l, {e}(n+3)(. ‘ )) 1fy + O

Here ... stands for x, y—1, e1, e,. By Theorem 8, there exists a € N
such that: g(x,y, e}, €2, a) =~ {a}"(x,y,e;, e;) for all x, y, e, 5.

By Theorem 6’, there exists a total function s € REC® such that:
g(X,y,e1,ez,e) = {s(ey, ez,€)}"V(x,y) for all X, y, ey, €2, €.

We define: rc(eq, e2) = s(ey, ez, a). g.e.d.
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Example C. The Ackermann function

The Ackermann function A 1s defined by the following recursive
equations. A 1s not primitive recursive.

A0, y)=y+1

A(x+1,0) = A(x, 1)
Ax+1,y+1)=Ax,A(x+ 1,y))

We consider the lexicographical ordering on N2,
xS XYy)ex<xdV=x'Ay<y)

This 1s a well-ordering: reflexive, antisymmetric, transitive, total,
and satisfying the condition

(WO) every nonempty subset of N? has a minimal element (the least
element 1n this subset).

(0,0)<;0,1)<;0,2)<;...<;(1,0) <, (1,]D) < (1,2) <4 ...
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The pairs on the right-hand side of the second and the third defining
equation are less than the pair on the left-hand side of this equation.
Therefore these equations correctly define a unique function by
induction on <.

A(l, 1) =A(0,A(1,0)) = A0,A0, 1)) = A0,2) =3

A2,1)=A(,AQ2,0)) = A(1,A(1, 1)) = A(1,3) = A(0,A(1,2)) =
A(0,A(0,A(1, 1))) = A0,A(0,3)) = A0,4) =5

We show A € REC. We define a partial recursive function:

(y+1 ifx=0
g(x,y,e) =3 {e}P(x=1,1) ifx#0Ay=0
\ [e}P(x=1,{e}*(x,y=1)) ifx#0Ay#0

By Theorem 8, there exists e € N such that {€}®(x,y) =~ g(x, y, e) for
all x,y. Clearly A = {e}'¥, hence A € REC.
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6. Recursively enumerable relations

Def. 10. A relation R C N" 1s said to be recursively enumerable, if
there exists a recursive relation S € N**! such that:

Vi (R(x) © 4,5 (x,y)).

One often writes r.e. for ‘recursively enumerable’.
Proposition 7. Every recursive relation is r.e.

ProoOF. Let R C N” be recursive. We have:
Vs (R(X) & 3, (RX) Ay = ).

Example D. HALT and HALT® are r.e.
HALT®(x,y) & 3, (ji(x,y,1) = 0)
HALT(x) & 4, (ji(x, x,7) = 0)

Corollary 4. Not every r.e. relation 1is recursive.
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(RE.1) Let R € N¥bere., and let g4, ..., g; : N* = N be recursive
(and total). Then, the relation T' C N”, defined by:

I'(x) & R(g1(X),...,8(X)),

1S I.€.

Proor. There exists a recursive relation S such that:
Rx) & d,5Xx,y).

Accordingly:

T(x) & 3,5(g1(X), ..., g:(X), ).

By (R1) and Det. 10, T 1s r.e.. g.e.d.
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(RE.2) If relations R;, R, are r.e., then the relations Ry V Ry, Ri AR,
are r.e..

Proor. We have:
EIySl(X,y) \% HySZ(Xay) & Ely(Sl(Xay) \% SZ(X’y)),
1,5:1(x,y) A d,S2(x,y) © (5 1(x,711(2) A Sax, m2(2))). q.e.d.

(RE.3) If R € N**! s r.e., then the relation T € N”", defined by:
I'(x) © 4.R(x,2),
1S r.e..

Proor. Let S be recursive and: R(X,z) © 3,5 (X, z,y). We have:
3Z3yS (Xa <y y) & 3ZS (Xa 7T1 (Z)a ﬂZ(Z))' qed
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Theorem 9. For any R C N" the following conditions are equivalent:

(1) Risr.e.,
(1) there exists a partial recursive function f such that R = Dom(f).

Proor. We show (1) = (11). Let R be r.e. There exists a recursive
relation S such that: R(x) & 3,5 (x,y). We define:

JX) = uyS(x,y).
Clearly f € REC, by (R3), and R = Dom({).

We show (11) = (1). Let f € REC be n—ary, and let R = Dom(f). Let
e be an index of f. We have:

R(X) < Ht (jn(ea Xa t) — 0)
So Risre.. g.e.d.

Accordingly, the recursively enumerable relations are precisely the
domains of partial recursive functions.
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Theorem 10. (the Post theorem) For any relation R C N” the
following conditions are equivalent:

(1) R 1s recursive,
(i1) both R and —R arer.e..

ProOF. (1) = (11). Let R be recursive. Then, =R 1s recursive, by (R2).

So R and —R are r.e., by Proposition 7.

We show (11) = (1). Assume that R and —R are r.e.. There exist
recursive relations S ¢, .5, such that:

Rx) & 1,5 1(x,y), —-RX) & 3,52(x,y).
We define: f(x) = uy(S1(x,y) V Sa(X, ).
By (R2), (R3), f e REC. We have: V41,(S1(X,y) V S2(X,y)).

Consequently, f 1s total, and R(x) © S (X, f(X)). So R 1s recursive,
by (R1). g.e.d.
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Example E. The relations - HALT, - HALT® are not r.e..

We know that HALT and HALT® are r.e., but not recursive. By
Theorem 10, their negations cannot be r.e.. We have:

—HALT®(x,y) © Y ,=(ji(x,y,1) = 0).

It follows that the relation Y ,R(X, y) need not be r.e. for a recursive
relation R.

Def. 11. Let f : N* — N. The relation G, C N"*!, defined by:

Gr(x,y) & f(X) =y,
1s called the graph of f.
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Theorem 11. (the graph theorem) For any f : N* — N the following
conditions are equivalent:

(1) f € REC,

(11) Gy 1sre..

PrOOF. (1) = (11). Assume (1). Let e be an index of f. We have:
Gix,y) & d;5,(e,x,y,1).

(11) = (1). Assume (11). There exists a recursive relation S such that:
Gix,y) © 3, 5X,y,2).

We define: g(x) ~ uu S (x, m1(u), m(u)).

g € REC, by (R3). We will show: f(x) =~ m(g(x)).

So f €e REC.
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We show f(x) =~ m(g(x)).

fxX) =00 = —-d,G/x,y) > -1,4,5X,y,2) =

= 4, S (X, m1(u), m2(u)) = g(X) = 0

Now, assume f(x) # co. There exists a unique y such that G ¢(X, y);

clearly y = f(x). Consequently, there exists z such that S (x, y, z),
hence there exists u such that S (x, 7, (u), m,(n)); take u = n(y, 2).

So g(x) # oo and S (X, 11 (g(x)), m(g(x))). This yields
1,5 (x, m1(g(x)), 2), and consequently G ¢(X, 71(g(x))). By the
uniqueness of y, y = m(g(x)).

Hence f(x) 1s defined iff g(x) is defined ifI m(g(x)) 1s defined, and
the desired equation holds. g.e.d.
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(RE4) If g4,..., g : N* — N are partial recursive and relations
Ry, ...,R, C N" are r.e. and satisfy the condition:

(o) for any x € N” there is at most one 1 < i < k such that R;(x),
then the function /4, defined by:

(g1(x) if Ri(x)

h(x) =~ < :
gr(X)  1f Ry(X)

00 otherwise

\
1s partial recursive.

Proor. We have:

h(x) 2y & (Ri(X) A g1(X) = y) V- V (Re(X) A gr(X) = y).
G 1sr.e., by Theorem 11 and (RE.2). So 7 € REC, by Theorem 11.
g.e.d.
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Example. In the proof of Rice’s theorem we used the function:

hx, e) ~ f(x) 1if HALT(e)
297 o otherwise

We inferred i € REC from A(x, e) = f(x) + (U;(e,e)—U(e, e)). Now,
this follows from (RE.4).

Proposition 8. Let A,BC N. If A <,, Band Bisr.e., then A isr.e.

Proor. Assume A <, B. Then: x € A & f(x) € B, for all x. So
A(x) © B(f(x)), forall x. So Aisr.e., if Bisr.e., by (RE.1). g.e.d.
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Theorem 12. For any A € N, A # (), the following conditions are
equivalent:

(1) A1sr.e.,

(11) there exists a total recursive function f : N — N such that
A =Rn(f) ={f(x) : x € N}.

ProoF. (11) = (1). Assume (11). We have:
Vy(eA o d, f(x) =)
Consequently, A 1s r.e..

(1) = (11). Assume (1). There exists a recursive relation S such that:
yeA & 1,5(0,x), forall y.

We fix k € A and define:
Jf(x) = { 1(x) 188 (1 (x), m2(x))

k otherwise
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f 1s a total recursive function, by (R4). We show A =Rn(f).

Lety € A. Then S (y, x), for some x. Take z = n(y, x). We have
S (m1(z), m2(2)), hence f(z) = m1(z) = y. Soy € Rn(f).

Let y e Rn(f). Then f(x) = y, for some x. We consider two cases.
1°. y = k. Theny € A.

2°. v # k. Then, for some x € N, y = m;(x) and S (711 (x), m2(x)). So
mi(x) € A, hence y € A. g.e.d.

A total recursive function f : N — N is called a recursive sequence.

f(n) =a,, forn € N. f = (a,)en.
A nonempty set is r.e. iff 1t is the set of all terms of some recursive
sequence.
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For a relation R C N", one defines a partial function ¢y : N* — N as

follows:
N 1 if R(x)
Cp (X) ~ i
oo otherwise

Proposition 9. R is r.e. iff c; € REC.
Proor. Assume that R is r.e.. Then ¢ € REC, by (RE.4).
Assume ¢z € REC. Then, R =Dom(cy) is r.e., by Theorem 9. g.e.d.

Every algorithm computing cj 1s called a positive algorithm for R.
A positive algorithm for R can be characterized by the following
conditions:

(P1) if R(x) holds, then the algorithm returns 1 (yes),
(P2) if R(x) fails, then the algorithm does not terminate,

for any entry X.
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Sometimes it 1s convenient to replace the second condition with:

(P2’) if R(x) fails, then the algorithm returns O (no) or does not
terminate.

Proposition 10. R 1s r.e. 1iff there exists an algorithm, satisfying (P1),
(P27).

Proor. (=) follows from Proposition 9. We prove (). Let P be a
program for RM, satistying (P1), (P2’). This program computes a
function f such that: R(x) & f(x) ~ 1, for all x. By Theorem 11, R

1s r.e.. q.e.d.

For relations (sets), which are r.e. but not recursive, only positive
algorithms can be provided.
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One defines:
W =Dom({e}™).
One writes W, for W". ¢ is called the index of W.

R € N"1sr.e. iff there exists e € N such that R = Wé”). This follows
from Theorem 9.

The arithmetical hierarchy (the Kleene-Mostowski hierarchy)
We define classes of numerical relations ), IT}, A} for k € N.
28 1s the class of recursive relations.
0 _ . 0
I, ={-R:ReX}
_ 0
A) =2) NIT)

20

>., consists of all relations ,R(x, y) with R € IT.




